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Introduction
In this thesis we approach two independent problems in the field of arithmetic
geometry, one regarding the torsion points of abelian varieties and the other the
motivic polylogarithm on abelian schemes.
The Manin–Mumford conjecture of Yuri Manin and David Mumford states that
a curve C of genus greater or equal than 2 in its Jacobian variety J can only contain
a finite number of points that are of finite order in J . In 1983, after having proved
the conjecture, Raynaud generalized its result to higher dimensions: if A is an
abelian variety and X is a subvariety of A not containing any translate of an abelian
subvariety of A, then X can only have a finite number of points that are of finite order
in A. Various other proofs (sometimes only for the case of curves) later appeared,
and in 1985 Coleman was the first to provide an explicit bound for the cardinality of
the intersection of a curve with the torsion subgroup of its Jacobian, in the special
case in which the Jacobian has complex multiplication.
In 1996, Buium presented both a new proof of the Manin-Mumford conjecture for
curves and a new bound which does not require any assumption on J . In this thesis,
we show that Buium’s argument can be made applicable in higher dimensions to prove
the general Manin-Mumford conjecture for subvarieties with ample cotangent bundle.
We also prove a quantitative version of the conjecture for a class of subvarieties with
ample cotangent studied by Debarre. Such a result is particularly interesting, since
so far we only had bounds in the one dimensional case. Our proof also generalizes to
any dimension a result on the sparsity of p-divisible unramified liftings obtained by
Raynaud in the case of curves.
In 2014, Kings and Ro¨ssler gave a simple axiomatic description of the degree
zero part of the motivic polylogarithm on abelian schemes and they showed that
its realisation in analytic Deligne cohomology can be described in terms of the
Bismut-Ko¨hler higher analytic torsion form of the Poincare´ bundle. In this thesis,
v
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we use the arithmetic intersection theory in the sense of Burgos to refine Kings and
Ro¨ssler’s result. More precisely, we prove that if the base scheme is proper, then
not only the realisation in analytic Deligne cohomology but also the realisation in
Deligne-Beilinson cohomology of the degree zero part of the motivic polylogarithm
can be described in terms of the Bismut-Ko¨hler higher analytic torsion form of the
Poincare´ bundle.
This thesis is composed by three chapters. In the first one we provide the reader
with some preliminaries and present our two results. Chapter 2 (resp. chapter 3)
contains the proof of our result on torsion points (resp. on the motivic polylogarithm
on abelian schemes). Notice that chapters 2 and 3 can be read independently, without
reference to chapter 1.
vi
Chapter 1
Preliminaries and presentation
of the results
This chapter is divided in two sections. In the first one, we give a brief survey on the
Manin-Mumford conjecture for number fields and we describe our generalization of
Buium’s proof to higher dimensions. Section 2 is mainly devoted to recall some basic
definitions and facts about arithmetic intersection theory. We also shortly present
our result on the degree zero part of the motivic polylogarithm on abelian schemes.
1.1 The Manin-Mumford conjecture
1.1.1 A brief survey on the Manin-Mumford conjecture
The Manin-Mumford Conjecture for number fields is a deep and important finiteness
question (raised independently by Manin and Mumford) regarding the intersection
of a curve with the torsion subgroup of its Jacobian:
Theorem 1.1.1. Let K denote a number field, K an algebraic closure of K and let
C/K be a curve of genus g ≥ 2. Denote by J the Jacobian of C and fix an embedding
C ↪→ J defined over K. Then the set C(K) ∩ Tor(J(K)) is finite.
Theorem 1.1.1 was proved by Raynaud in 1983, see [Ray83b]. Some months later,
Raynaud generalized his result obtaining the following (see [Ray83c]):
Theorem 1.1.2. Let K and K be as above. Let A be an abelian variety and X an
algebraic subvariety, both defined over K. If X does not contain any translation of an
abelian subvariety of A of dimension at least one, then X(K) ∩ Tor(A(K)) is finite.
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Various other proofs (sometimes only for the case of curves) later appeared, due
to Serre ([Ser85]), Coleman ([Col85]), Hindry ([Hin88]), Buium ([Bui96]), Hrushovski
([Hru01]), Pink-Ro¨ssler ([PR02]).
Coleman was the first to provide an explicit bound for the cardinality of the
intersection of a curve with the torsion subgroup of its Jacobian. In [Col85], he
considered the special case in which the Jacobian J of the curve C/K has complex
multiplication. In this situation he proved that
](C(K) ∩ Tor(J(K))) ≤ pg
where g ≥ 2 is the genus of C and p is the smallest prime greater or equal than 5
divisible by a prime p of K with the following properties: K/Q is unramified at p
and the curve C/K has ordinary reduction at p. Coleman’s bound is sharp and, as
shown by an example in [Col85], it fails in general, in the noncomplex multiplication
case.
In 1996 Buium gave a new proof of Theorem 1.1.1 and provided a bound without
assuming J has complex multiplication.
Theorem 1.1.3. In the same hypotheses of Theorem 1.1.1, let p be a prime of K
above p > 2g such that K/Q is unramified at p and C/K has good reduction at p.
Then
](C(K) ∩ Tor(J(K))) ≤ p4g3g(p(2g − 2) + 6g)g!
1.1.2 Buium’s proof
We sketch here Buium’s proof.
1. Thanks to a result due to Coleman [Col87], Theorem 1.1.3 is an easy conse-
quence of its “nonramified version”:
Theorem 1.1.4. Let p be as in Theorem 1.1.3 and let R be the ring of Witt
vectors with coordinates in k := k(p), the algebraic closure of the residue field of
p. Let C/R be a smooth projective curve of genus g ≥ 2 possessing an R-point
and embedded via this point into its Jabobian J/R. Then ](C(R) ∩ Tor(J(R)))
is finite and
](C(R) ∩ Tor(J(R))) ≤ p4g3g(p(2g − 2) + 6g)g!
2. For any scheme Y of finite type over R, denote by Y0 the k-scheme Y ⊗R k.
Buium associates to Y0 the first p-jet space Y
1
0 , a scheme over k equipped with
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a lifting map ∇10 : Y (R)→ Y 10 (k) and a map Y 10 → Y0. If Y is smooth along
Y0, then Y
1
0 is a torsor on Y0 under the Frobenius tangent bundle
FT(Y0/k) := Spec
(
SymF ∗Y0ΩY0/k
)
.
3. If Y/R is a smooth projective curve of genus g ≥ 2, then the torsor Y 10 → Y0 is
not trivial. Therefore, in the situation of Theorem 1.1.4, we get a nontrivial
torsor C10 over C0 which corresponds to an extension of vector bundles
0→ OC0 → EC → F ∗C0ΩC0/k → 0.
The non-triviality of the torsor implies that this extension is non-split and one
can deduce that the vector bundle EC is ample.
4. C10 identifies with P(EC)\P
(
F ∗C0ΩC0/k
)
which is affine thanks to the ampleness
of EC .
5. If p > 2, the map ∇10 : J(R)→ J10 (k) is injective if restricted to Tor(J(R)), so
](C(R) ∩ Tor(J(R))) = ] (∇10(C(R) ∩ Tor(J(R)))) .
6. Let B := pJ10 be the maximal abelian subvariety of J
1
0 . Then the image of
∇10(Tor(J(R))) under the homomorphism
J10 (k)→ J10 (k)/B(k)
has cardinality at most p2g. This implies that ∇10(C(R) ∩ Tor(J(R))) is the
union of at most p2g sets of the type
(B(k) + b) ∩ C10 (k),
where b ∈ J10 (k). Each of these is finite, being B proper and C10 affine.
7. To bound the cardinality of C(R) ∩ Tor(J(R)) it is then enough to focus on
the intersection B(k) ∩ C10 (k). Consider the exact sequence of vector bundles
corresponding to the torsor J10 → J0:
0→ OJ0 → EJ → F ∗J0ΩJ0/k → 0.
Buium shows that there exists an embedding P(EC) ↪→ P(EJ), so that both
C10 and B can be seen inside P(EJ). He then fixes a suitable embedding of
P(EJ) into some projective space and uses Bezout’s theorem in Fulton’s form
to estimate ] (B(k) ∩ P(EC)(k)). The set B(k) ∩ C10 (k) is clearly contained in
B(k) ∩ P(EC)(k) so we get the desired bound.
3
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1.1.3 Generalization of Buium’s proof to higher dimensions
In this thesis we first give a new proof of the “generalized” Manin-Mumford conjecture
(Theorem 1.1.2), in the case of subvarieties having ample cotangent bundle, following
a similar approach to the one used by Buium. (See Theorem 2.6.2.)
As in the dimensional one case, the main point is proving a non-ramified version
of Theorem 1.1.2. The main difficulty in generalizing Buium’s work comes from part
(3) in the previous subsection. In his situation, Buium proved it in three steps:
(a) To show that C10 is not trivial as a torsor over C0, he used a result by Raynaud
stating that no smooth curve of genus g ≥ 2 over k := k(p) admits a lifting of
the Frobenius to R1 := R/p
2 (cf. Lemma 1.5.4 in [Ray83a]).
(b) The non triviality of C10 is equivalent to: the sequence
0→ OC0 → EC → F ∗C0ΩC0/k → 0 (1.1)
is nonsplit. Since F ∗C0ΩC0/k is ample, one can apply Corollary 3 in [MD84]
obtaining that either EC is ample or the pullback by a suitable power of Frobenius
of the sequence (1.1) splits.
(c) But due to the fact that degF ∗C0ΩC0/k > (2g − 2)/p, the maps induced by
Frobenius
Ext1(F ∗C0ΩC0/k,OC0)→ Ext1(F 2,∗C0 ΩC0/k,OC0)→ Ext1(F
3,∗
C0
ΩC0/k,OC0)→ ...
are injective by Tango’s criterion (cf. Theorem 15 and definition 11 in [T+72]).
Now the sequence (1.1) is nonsplit, so its pullback under a power of Frobenius
cannot split and EC is ample.
Let us see what we can do to show that EX is ample for X as in our hypotheses.
By means of the theory of strongly semistable sheaves, we prove the following
fundamental result (cf. Lemma 2.5.2 for more details):
Lemma 1.1.5. Let n be the dimension of X. Then there exists a nonempty open
subscheme U˜ ⊆ Spec(OK) such that for any p ∈ U˜ above a prime p > n2 deg(ΩX)
and any s ∈ N∗
HomX0
(
F s,∗X0 ΩX0 ,ΩX0
)
= 0.
(Here deg(ΩX) stands for the degree of ΩX with respect to any fixed very ample line
bundle on X.)
4
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An easy consequence of this Lemma is the analogue of Tango’s criterion (part (c)
above) in higher dimensions (cf. Corollary 2.5.3):
Corollary 1.1.6. For any p as in Lemma 1.1.5, the maps induced by Frobenius
Ext1(F ∗X0ΩX0/k,OX0)→ Ext1(F 2,∗X0 ΩX0/k,OX0)→ Ext1(F
3,∗
X0
ΩX0/k,OX0)→ ...
are injective.
The Cartier isomorphism and Lemma 1.1.5 imply then that for any p as in Lemma
1.1.5, X0 does not admit a lifting of the Frobenius over R1 and so X
1
0 → X0 is not
the trivial torsor (part (a) above). In particular this allows us to generalize to higher
dimensions Raynaud’s result on the sparsity of p-divisible unramified liftings for
curves (see The´ore`me 4.4.1 in [Ray83b]):
Theorem 1.1.7. For any p as in Lemma 1.1.5, the set{
P ∈ X0(k(p)) | P lifts to an element of pAp1(R1) ∩Xp1(R1)
}
is not Zariski dense in X0.
Here Ap1 (resp. Xp1) is A⊗R R1 (resp. X ⊗R R1).
Now Corollary 3 in [MD84] (used in part (b)) has a slightly weaker analogue
in dimension greater than one (cf. Corollary 2 in [MD84]): to apply it we need to
suppose the ampleness of the cotangent bundle of our subvariety X and we need to
show that the torsor X10 cannot be trivialised by any proper surjective morphism
Y → X0. This can be derived as a consequence of Lemma 1.1.5 and Corollary 2.8 in
[Ro¨s14].
Notice that in our proof we make use of the Greenberg transform rather than of
the p-jet spaces defined by Burgos. The two approaches are equivalent (this is shown
in Buium paper [Bui96].)
Subvarieties of abelian varieties with ample cotangent bundle have been studied by
O. Debarre in his article [Deb05]. In it, he proved for example that the intersection
of at least n/2 sufficiently ample general hypersurfaces in an abelian variety of
dimension n has ample cotangent bundle. This provides us with an entire class of
subvarieties of abelian varieties for which our proof of the Manin-Mumford conjecture
works. For this class of subvarieties, we provide an explicit bound for the set of
prime-to-p torsion points:
5
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Theorem 1.1.8. Let K be a number field, A/K be an abelian variety of dimension
n and L = OA(D) be a very ample line bundle on A. Let c, e ∈ N with c ≥ n/2. Let
H1, H2, ...,Hc ∈ |Le| be general and let e be sufficiently big, so that the subvariety
X := H1 ∩H2 ∩ ... ∩Hc
has ample cotangent bundle. There exists a nonempty open subset V ⊆ Spec(OK)
such that, if p is in V and p is above a prime p > (n − c)2cec+1(Ln), then the
cardinality of Torp(A(K)) ∩X(K) is bounded above by
p2n
(
n−c∑
h=0
(
2n− 2c
h
)
(−p)n−c−hen−h ·Qn,c,h
)
(Ln)2.
where Torp(A(K)) is the set of prime-to-p torsion points of A(K) and Qn,h,c is a
natural number depending on n, c and h. (Cf. Theorem 2.7.1 for details about Qn,h,c
and V .)
To obtain such a “quantitative version” of the Manin-Mumford conjecture (for
the prime-to-p torsion) we use the same technique explained in part (7) of the sketch
of Buium’s proof. We embed pA10 and X
1
0 into the same projective space and use
Bezout’s Theorem to compute the cardinality of the intersection pA10(k) ∩X10 (k).
1.2 Polylogarithm on abelian schemes and
Deligne-Beilinson cohomology
1.2.1 Arithmetic intersection theory
We recall briefly some notions in the intersection theory of arithmetic varieties
introduced by Gillet and Soule´ in their foundational paper [GS90].
Currents and Green currents on complex manifolds Let V be a complex
manifold of dimension d; for simplicity we suppose that all the components of V
have the same dimension. The space En(V ) of smooth complex valued n-forms on V
has a topology defined using the sup norms, on compact subsets of coordinate charts
of V , of the k-fold partial derivatives of the coefficients of a form, for all k ≥ 0, see
[dR60] Par. 9 for details. Since the topology is defined by a family of seminorms,
En(V ) is a locally convex topological space. Let Enc (V ) be the subspace of compactly
supported forms. We write Dn(V ) for the bornological dual of E
n
c (V ) and call it the
space of currents of dimension n on V . Since X is a complex manifold, we have a
decomposition
Enc (V ) = ⊕p+q=nEp,qc (V )
6
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from which we get a decomposition
Dn(V ) = ⊕p+q=nDp,q(V ).
Analogously, the exterior derivative
d = ∂ + ∂ : Enc (V )→ En+1c (V )
induces a dual homomorphism
b = b′ + b′′ : Dn+1(V )→ Dn(V ).
One of the easiest examples of current is the following: for any closed k-dimensional
submanifold W ⊆ V , there is a current δW ∈ D2k(V ), called current of integration
over W , defined by
δW (α) =
∫
W
i∗α
for α ∈ E2kc (V ) and i : W → V the inclusion map. By means of a resolution of
singularities, one can also define the current of integration over any k-dimensional
analytic subspace of X . Finally, by linearity, this definition extends to any analytic
cycle of dimension k.
Another simple class of currents is that of currents associated to forms. More
precisely, any form α ∈ Ep,q(V ) gives rise to an element [α] ∈ Dd−p,d−q(V ) defined
by
[α](β) =
∫
V
α ∧ β
for any β ∈ Ed−p,d−q(V ). Therefore for any pair (p, q) we obtain a map
Ep,q(V )→ Dd−p,d−q(V ).
This map is continuous and has dense image (with respect to the natural topology
one has on Dd−p,d−q(V ), see [dR60], Par. 10). This leads us to write
Dd−p,d−q(V ) = Dp,q(V )
and interpret Dp,q(V ) as the space of forms of type (p, q) with distribution coefficients
([dR60]). Notice that the map Ep,q(V )→ Dd−p,d−q(V ) defined above can be extended
to all L1-forms of type (p, q) on X: in fact if α is such a form, the integral
∫
V α ∧ β
is well-defined, for all β ∈ Ed−p,d−q(V ).
Stokes theorem shows that for any α ∈ En(V ) we have [dα] = (−1)n+1b[α].
Therefore, if we define
d = (−1)n+1b : Dn(V )→ Dn+1(V ),
7
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then the inclusion En(V ) → Dn(V ) commutes with d. We will write ∂ and ∂ for
(−1)n+1b′ and (−1)n+1b′′. Finally we shall write
E˜p,q(V ) = Ep,q(V )/(∂Ep−1,q(V ) + ∂Ep,q−1(V ))
and
D˜p,q(V ) = Dp,q(V )/(∂Dp−1,q(V ) + ∂Dp,q−1(V )).
We recall now under which conditions pullbacks and pushforwards of currents are
defined. Suppose f : V d →W d−r is a holomorphic map of complex manifolds. Then,
if f is proper, we have maps
f∗ : Ep,qc (W )→ Ep,qc (V )
and therefore dual maps
f∗ : Dp,q(V )→ Dp−r,q−r(W ).
On the other hand, if f is smooth, then we have integration over the fibre homomor-
phisms ∫
f
: Ep,qc (V )→ Ep−r,q−rc (W )
and therefore dual homomorphisms
f∗ : Dp,q(W )→ Dp,q(V ).
We are now ready to give the fundamental definition of Green current.
Definition 1.2.1. If V is a complex manifold and Y =
∑
niYi is a codimension p
analytic cycle on V , a Green current for Y is an element g ∈ D˜p−1,p−1(V ), which
is the class of a real current, such that i2pi∂∂g + δY = ω, with ω a smooth form
(necessarily of type (p, p)).
One can prove that such a Green current always exists if V is compact and Ka¨hler
(cf. pag. 103 in [GS90]).
We conclude this section by recalling that we have an important operation on
Green currents called the ∗-product. Suppose V is a complex manifold, Y = ∑niYi
is a codimension p analytic cycle on V and Y ′ =
∑
niY
′
i is a codimension q analytic
cycle on V . Suppose also that g is a Green current for Y and g′ a Green current for
Y ′. Starting with g and g′ one can define a current, denoted g ∗ g′, which is a Green
current for the cycle obtained intersecting Y and Y ′. Defining the ∗-product would
take us too far afield: see sections 2.1 and 2.2 in [GS90]. All we need is to know that
∗ is associative and commutative.
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Arithmetic varieties and arithmetic Chow groups
Definition 1.2.2. An arithmetic ring is a triple (R,Σ, F∞) consisting of an excellent
regular Noetherian integral domain R, a finite nonempty set Σ of monomorphisms
σ : R → C, and an anti-linear involution F∞ of the C−algebra CΣ := C×...×︸ ︷︷ ︸
|Σ|
C,
such that the diagram
R CΣ
R CΣ
Id F∞
δ
δ
commutes (here by δ we mean the natural map to the product induced by the family
of maps Σ).
Definition 1.2.3. An arithmetic variety over the arithmetic ring (R,Σ, F∞) is a
scheme X which is flat and of finite type over R. If F is the fraction field of R,
we write XF for the generic fibre of X and we suppose that XF is smooth and
quasi-projective.
As usual we write
X(C) :=
∐
σ∈Σ
(X ×R,σ C)(C).
Since XF is supposed to be smooth, then X(C) is a complex manifold and the anti-
linear automorphism F∞ of CΣ induces a continuous involution F∞ : X(C)→ X(C).
For brevity’s sake we shall write Ep,q(X) for the space Ep,q(X(C)) and Dp,q(X) for
the space Dp,q(X(C)). Observe that F∞ acts on both E∗,∗(X) and D∗,∗(X), so we can
define the R-vector space Ep,p(XR) (resp. Dp,p(XR)) to be the subspace of Ep,p(X)
(resp. Dp,p(X)) consisting of real forms (resp. currents) satisfying F ∗∞α = (−1)pα.
Similarly we define
E˜p,p(XR) = E
p,p(XR)/(Im∂ + Im∂)
and
D˜p,p(XR) = D
p,p(XR)/(Im∂ + Im∂).
Before giving the definition of arithmetic Chow groups, we briefly recall the definition
of (classical) Chow groups. Let us denote by Zp(X) the group of cycles of codimension
p in X, i.e. the free abelian group on the set of codimension p integral subschemes
9
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of X. If T is a codimension p integral subscheme, we write [T ] for the associated
cycle. If Y ⊆ X is an integral subscheme of codimension (p− 1), with generic point
y, then for any f ∈ k(y)∗ we define a codimension p cycle
div(f) =
∑
V
ordV (f)[V ].
Here the sum is over all integral subschemes V of Y of codimension p in X and the
definition of ordV (·) can be found in [Ful97] A.3. The p-th Chow group of X is then
CHp(X) = Zp(X)/Ratp(X)
where Ratp(X) ⊆ Zp(X) is the subgroup generated by all cycles of the form div(f).
We are now ready to introduce the arithmetic Chow groups. Since for any
subscheme Y of X, Y (C) is invariant under F∞, then integration over Y (C) defines
a current in Dp,p(XR) which we denote by δY . Extending by linearity, we obtain a
map
Zp(X)→ Dp,p(XR).
We define the group Zˆp(X) of arithmetic cycles of codimension p as the subgroup of
Zp(X)⊕ D˜p,p(XR)
consisting of pairs (Z =
∑
ni[Zi], g) such that g is a Green current for Z.
If Y ⊆ X is an integral smooth subscheme of codimension (p− 1) and f ∈ k(Y )∗,
f gives rise to a rational function f(C) on Y (C). The function log |f(C)|2 is real
valued and L1 on Y (C); it therefore defines a current[
log |f(C)|2] ∈ D0,0(Y (C)).
If i : Y (C) ↪→ X(C) is the natural inclusion, then
i∗
([
log |f(C)|2]) ∈ Dp−1,p−1(X).
Since both Y (C) and f(C) are invariant under F∞, then i∗
([
log |f(C)|2]) actually
belongs to Dp−1,p−1(XR). The Poincare´-Lelong Lemma ([GH14]) applied to X(C)
tells us that
i
2pi
∂∂i∗
([
log |f(C)|2]) = δdiv(f),
the current associated to the restriction to X(C) of div(f), viewed as a codimension
p cycle on X. In other words,
d̂iv(f) :=
(
div(f),−i∗
([
log |f(C)|2]))
is an element of Zˆp(X).
10
1.2. Polylogarithm on abelian schemes and Deligne-Beilinson cohomology
Definition 1.2.4. We define the p-th arithmetic Chow group of X as
ĈH
p
(X) = Zˆp(X)/R̂
p
(X)
where R̂
p
(X) is the subgroup generated by all d̂iv(f), for some W codimension p− 1
integral subscheme, as above.
For each pair of non-negative integers (p, q), there exists a pairing
ĈH
p
(X)⊗ ĈHq(X)→ ĈHp+q(X)Q
α⊗ β 7→ α · β
which is defined by means of the classical intersection theory of cycles and of the
∗-product of Green currents. Such pairings make
ĈH
∗
(X)Q :=
⊕
p≥0
ĈH
p
(X)Q
into a commutative ring called the arithmetic Chow ring of X (cf. section 4.2 in
[GS90]).
We can define the following maps involving ĈH
p
(X):
 ζ : ĈH
p
(X)→ CHp(X) sending (Z, g) to Z;
 a : E˜p−1,p−1(XR)→ ĈH
p
(X), sending α to (0, α);
 ω : ĈH
p
(X)→ Ep,p(XR) sending (Z, g) to ω(Z, g) := δZ + i2pi∂∂g.
Recall that we have groups
CHp,p−1(X) =
Ker{dp−1 : ⊕x∈X(p−1)k(x)∗ → ⊕x∈X(p)Z}
Im{dp−2 : ⊕x∈X(p−2)K2k(x)→ ⊕x∈X(p−1)k(x)∗}
.
Here X(j) = {x ∈ X|OX,x has Krull dimension j} for j = p, p−1, p−2 and dp−1, dp−2
are the differentials in the E1 term of the spectral sequence of [Qui73] Par. 7, so
that CHp,p−1 is the Ep−1,−p2 term of that spectral sequence. The differential d
p−1
sends f ∈ k(x)∗ to div(f) and dp−2 is essentially the tame symbol: see [Qui73] Par.
7. We have the following fundamental exact sequence
CHp,p−1(X) E˜p−1,p−1(XR) ĈH
p
(X) CHp(X) 0
ρan a ζ
(1.2)
(see Theorem 3.3.5 in [GS90] for the definition of ρan).
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Let us now recall under which conditions pullbacks and pushforwards of arithmetic
Chow groups are defined. Let f : X → Y be a morphism between arithmetic varieties
over the arithmetic ring (R,Σ, F∞). Suppose that f induces a smooth map XF → YF
between the generic fibers of X and Y . Then (see Theorem 3.6.1 in [GS90]):
1. if f is flat, for all p ≥ 0 there is a natural homomorphism
f∗ : ĈH
p
(Y )→ ĈHp(X)
(Z, g) 7→ (f∗Z, f∗g)
2. if f is proper and X and Y are equidimensional, for all p ≥ 0 there is a map
f∗ : ĈH
p
(X)→ ĈHp−d(Y )
(Z, g) 7→ (f∗Z, f∗g).
where d = dim(X)− dim(Y ).
Furthermore, if f : X → Y and g : Y → Z are two maps inducing smooth maps
between generic fibres, then f∗g∗ = (gf)∗ and (gf)∗ = g∗f∗ when either composition
makes sense. The reader can find more details about f∗ and f∗ in section 3.6 in
[GS90].
In arithmetic intersection theory, one has an equivalent of the classical Chern
character, called the arithmetic Chern character. Let E be an algebraic vector bundle
on the arithmetic variety X and let h be an hermitian metric on the corresponding
holomorphic vector bundle E(C) and X(C). The pair (E, h), denoted E, is by
definition an hermitian vector bundle on X. We shall always suppose that h is
invariant under complex conjugation, i.e. F ∗∞(h) = h. The arithmetic Chern
character ĉh(·) is defined as follows.
Theorem 1.2.5. There exists a unique way to define a characteristic class
ĉh(E) ∈ ĈH∗(X)Q
satisfying the following properties:
1. f∗ĉh(E) = ĉh(f∗E), for every morphism f : Y → X of arithmetic varieties;
2. ĉh(E ⊕ F ) = ĉh(E) + ĉh(F ), for all hermitian vector bundles E,F ;
3. ĉh(E ⊗ F ) = ĉh(E) · ĉh(F ), for all hermitian vector bundles E,F ;
12
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4. ĉh(L) = exp(ĉ1(L)), for every hermitian line bundle L, where ĉ1(L) is by
definition the class of the arithmetic cycle (div(s),− log h(s, s)), where s is a
nonzero rational section of L;
5. ω(ĉh(E)) = ch(E) is the classical Chern character form.
Cf. IV.4 in [SAB94] for the proof.
1.2.2 Analytic-Deligne and Deligne-Beilinson cohomology
This section is dedicated to recall the definitions and some basic facts on two important
cohomology theories: the analytic Deligne cohomology and the Deligne-Beilinson
cohomology. The reader can refer to [EV] for a complete treatment.
Let V be a complex manifold and let Ω∗V be the de Rham complex of holomorphic
differential forms on V . We denote by H• the hypercohomology functor from the
derived category of Z-sheaves to the derived category of abelian groups. For any
complex of Z-sheaves A• we shall write Hq(A•) for the q-th cohomology of the
complex H∗(A•).
Definition 1.2.6. We define the analytic real Deligne complex R(p)D,an of V to be
0 R(p) OV Ω1V ... Ωp−1V 0
d
(1.3)
where R(p) := (2pii)pR is in degree zero. We define the analytic real Deligne
cohomology of V as
HqD,an(V,R(p)) := H
q(V,R(p)D,an).
Now let W be a complex algebraic manifold of dimension n. A good compactifi-
cation of W is a proper algebraic manifold W with an embedding j : W ↪→W such
that D = W \W is a normal crossing divisor (i.e. locally in the analytic topology
D has smooth components intersecting transversally). Let Ω•
W
(logD) be the de
Rham complex of meromorphic forms on W , holomorphic on W and with at most
logarithmic poles along D. We have a filtration of Ω•
W
(logD) by subcomplexes
F pD =
(
0→ Ωp
W
(logD)→ Ωp+1
W
(logD)→ ...→ Ωn
W
(logD)
)
Notice that we have two natural maps ε : Rj∗R(p)→ Rj∗Ω•W and i : F pD → Rj∗Ω•W .
Definition 1.2.7. The real Deligne-Beilinson complex of (W,W ) is
R(p)D = R(p)D,W = Cone
(
ε− i : Rj∗R(p)⊕ F pD → Rj∗Ω•W
)
[−1].
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One can show that Hq(W,R(p)D) is independent of the good compactification
chosen. Since each manifold over C allows a good compactification, we can give the
following definition.
Definition 1.2.8. The real Deligne-Beilinson cohomology of W is
HqD(W,R(p)) := H
q(W,R(p)D).
Notice that by construction, HqD(W,R(p)) = H
q
D,an(W,R(p)) if W is compact
(so that D is empty). More generally, there is a natural “forgetful” morphism of
R-vector spaces
HqD(W,R(p))→ HqD,an(W,R(p))
(what is forgotten is the logarithmic structure, cf. 2.13 in [EV]).
If X is an arithmetic variety over the arithmetic ring (R,Σ, F∞), we define
HqD(XR,R(p)) :=
{
γ ∈ HqD(X(C),R(p))|F ∗∞γ = (−1)pγ
}
.
Similarly we define
HqD,an(XR,R(p)) :=
{
γ ∈ HqD,an(X(C),R(p))|F ∗∞γ = (−1)pγ
}
.
The map ρan in the sequence (1.2) is by construction the following composite function
CHp,p−1(X) H2p−1D (XR,R(g)) H
2p−1
D,an (XR,R(g)) E˜
p−1,p−1(XR)
ρ forgetful
where the third map is a natural inclusion. Indeed we have
H2p−1D,an (XR,R(p)) =
{
c ∈ (2pii)p−1Ep−1,p−1(XR)
∣∣∂∂c = 0}/ (Im∂ + Im∂)
and the class of c is sent to the class of c/(2pii)p−1. Cf. Corollary 6.3 in [Bur97] for
the definition of ρ.
1.2.3 Our result on the degree zero part of the motivic
polylogarithm
In [Bur97], Burgos introduced a new arithmetic intersection theory in which the role
of Green currents is played by Green forms, i.e. classes of forms with logarithmic
singularities at infinity (cf. section 3 in Chapter 3). Such forms are particularly
interesting since the associated complex naturally computes the Deligne-Beilinson
14
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cohomology. Burgos’ approach leads to a new version of arithmetic Chow groups
denoted ĈH
∗
log(·). These groups coincide with the classic arithmetic Chow groups for
proper arithmetic varieties but are different in general. In this thesis we use Burgos’
theory to give a refinement of a result about the degree zero part of the motivic
polylogarithm on abelian schemes proved by Kings and Ro¨ssler (cf. [KR14]).
In their paper, Kings and Ro¨ssler gave a simple axiomatic description of the
degree zero part of the motivic polylogarithm and showed that its realisation in
analytic Deligne cohomology can be described in terms of the Bismut-Ko¨hler higher
analytic torsion form of the Poincare´ bundle. The setting in which they worked is the
following. Suppose S is a smooth scheme over a subfield k of the complex numbers.
Let pi : A → S be an abelian scheme of relative dimension g and call ε : S → A
the zero section. Fix N > 1 an integer and let A[N ] be the finite group scheme of
N -torsion points. For any integer a > 1 and any W ⊆ A open subscheme such that
j : [a]−1(W ) ↪→W
is an open immersion (here [a] : A → A is the a-multiplication on A), the trace map
with respect to a is then defined as
tr[a] : H
·
M(W, ∗) H ·M([a]−1(W ), ∗) H ·M(W, ∗)
j∗ [a]∗
(1.4)
where H ·M(W, ∗) refers to the motivic cohomology of W introduced by Soule´ in
[Sou85]. The generalized eigenspace of tr[a] of weight zero is defined as
H ·M(W, ∗)(0) :=
{
ψ ∈ H ·M(W, ∗)|(tr[a] − Id)kψ = 0 for some k ≥ 1
}
and the zero step of the motivic polylogarithm is a class in the generalized eigenspace
of weight zero
pol0 ∈ H2g−1M (A \ A[N ], g)(0).
To describe it more precisely, consider the residue map along A[N ]
H2g−1M (A \ A[N ], g)→ H0M(A[N ] \ ε(S), 0).
This map induces an isomorphism
H2g−1M (A \ A[N ], g)(0) ∼= H0M(A[N ] \ ε(S), 0)(0)
(see Corollary 2.2.2 in [KR14]) and pol0 is the unique element mapping to the
fundamental class of A[N ] \ ε(S).
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In [MR], V. Maillot and D. Ro¨ssler constructed a canonical class of currents gA∨
on A (cf. Theorem 3.5.1) which can be described in term of the Bismut Ko¨hler
analytic torsion form of the Poincare´ bundle and which gives rise to a class in analytic
Deligne cohomology
([N ]∗gA∨ −N2ggA∨)|A\A[N ] ∈ H2g−1D,an ((A \ A[N ])R,R(g)).
Since CHp,p−1(·)Q ∼= H2p−1M (·, p) (see section 1.4 in [BGKK07] for this), to ρ and
ρan correspond maps
cyc : H2g−1M (A \ A[N ], g)→ H2g−1D ((A \ A[N ])R,R(g))
and
cycan : H
2g−1
M (A \ A[N ], g)→ H2g−1D,an ((A \ A[N ])R,R(g)).
The main result in [KR14] is the following.
Theorem 1.2.9. We have
−2 · cycan(pol0) = ([N ]∗gA∨ −N2ggA∨)|A\A[N ].
In this thesis we give a refinement of Theorem 1.2.9 supposing S is proper over k
(see Corollary 3.6.1 and Theorem 3.6.2). More precisely, we show that in this case
the class of currents [N ]∗gA∨ −N2ggA∨ provides us not only with the realization of
pol0 in real analytic Deligne cohomology but also in Deligne-Beilinson cohomology:
Theorem 1.2.10. Let S be proper over k. The class of currents [N ]∗gA∨ −N2ggA∨
gives rise to an element
([N ]∗gA∨ −N2ggA∨)|A\A[N ]
∧
∈ Im
(
cyc : H2g−1M (A \ A[N ], g)→ H2g−1D ((A \ A[N ])R,R(g))
)
verifying
−2 · cyc(pol0) = ([N ]∗gA∨ −N2ggA∨)|A\A[N ]
∧
.
Notice that necessarily we have
forgetful
(
([N ]∗gA∨ −N2ggA∨)|A\A[N ]
∧)
= ([N ]∗gA∨ −N2ggA∨)|A\A[N ].
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Chapter 2
The Manin-Mumford conjecture
for subvarieties with ample
cotangent bundle
Abstract
We give a new proof of the Manin-Mumford conjecture for subvarieties of
abelian varieties having ample cotangent bundle, when all data are defined over
a number field. Our strategy follows Buium’s approach in the case of curves; i.e.
we prove an intermediate “non-ramified version” from which the conjecture easily
follows. In order to do so, we use the Greenberg transform, which assumes the
role of the p-jet spaces in Buium’s work, and the theory of strongly semistable
sheaves. Furthermore, we provide an explicit bound for the cardinality of the
set of prime-to-p torsion points of subvarieties obtained as the intersection of
at least n/2 sufficiently ample general hypersurfaces in an abelian variety of
dimension n.
2.1 Introduction
The Manin-Mumford conjecture is a significant result concerning the intersection of
a subvariety X of an abelian variety A with the group of torsion points of A, when
all data are defined over a number field. Raynaud first proved the conjecture in 1983,
and since then various other proofs (sometimes only for the case of curves) surfaced,
due to Serre, Coleman, Hindry, Buium, Hrushovski, Pink-Ro¨ssler. In this paper we
give a new proof of the Manin-Mumford conjecture in the case of a subvariety X
with ample cotangent bundle (cf. Theorem 2.6.2):
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Theorem 2.1.1. Let K be a number field, A be an abelian variety over K and
X ⊆ A be a smooth subvariety over K with trivial translation stabilizer and ample
cotangent bundle. Then the set
Tor(A(K)) ∩X(K)
is finite.
Here K is a fixed algebraic closure of K and Tor(A(K)) is the subgroup of torsion
points of A(K). See the begin of the next section for the definition of translation
stabilizer.
Our strategy for proving Theorem 2.1.1 follows Buium’s approach in the case
of curves (cf. [Bui96]). We fix a prime p of K above a prime p such that K/Q is
unramified at p and X has good reduction at p. The key point then is to prove
a “non-ramified version” of Theorem 2.1.1: more precisely, we prove that Theorem
2.1.1 holds with K replaced by the maximal extension of K contained in K which
is unramified above p and with the torsion replaced by the prime-to-p torsion (see
Theorem 2.6.1 and the first part of the proof of Theorem 2.6.2).
This “non-ramified version” is a consequence of a result on the sparsity of p-
divisible unramified liftings which holds for general subvarieties, not necessarily
having ample cotangent bundle. Let U be an open subscheme of Spec(OK) not
containing any ramified prime and such that A/K extends to an abelian scheme
A/U and X extends to a smooth closed integral subscheme X of A. For any p ∈ U ,
let R (resp. R1) be the ring of Witt vectors (resp. of length 2) with coordinates
in the algebraic closure k(p) of the residue field of p. We denote by Xp1 (resp.
Ap1) the R1-scheme X ×U Spec R1 (resp. A ×U Spec R1) and we denote by Xp0
the k(p)-scheme X ×U Spec k(p). Define U˜ as the nonempty open subscheme of U
consisting of all p ∈ U such that Xp0 has trivial stabilizer.
Our result on the sparsity of p-divisible unramified liftings is the following (cf.
Theorem 2.5.4 for a more precise formulation):
Theorem 2.1.2. Let n be the dimension of X. Let p ∈ U˜ be above a prime p with
p > n2 deg(ΩX). Then the set{
P ∈ Xp0(k(p)) | P lifts to an element of pAp1(R1) ∩Xp1(R1)
}
is not Zariski dense in Xp0.
(Here deg(ΩX) refers to the degree of ΩX computed with respect to any fixed
very ample line bundle on X. See Section 4 for its definition.)
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Theorem 2.1.2 is an effective form (in the case of a number field) of a result on
the sparsity of highly p-divisible unramified liftings given by D. Ro¨ssler (see Theorem
4.1 in [Ro¨s13] and the comment right after Theorem 2.5.4 in this paper). Theorem
2.1.2 is also a generalization to higher dimensions of the analogue result obtained by
Raynaud in the case of curves (cf. The´ore`me 4.4.1 in [Ray83b]).
The proof of Theorem 2.1.2 lies on the impossibility of lifting the Frobenius
of Xp0 over R1. This is a well-known fact in the case of smooth curves of genus
at least 2: Raynaud proved it (see Lemma I.5.4 in [Ray83a]) by means of the
Cartier isomorphism. To prove the impossibility of lifting the Frobenius in higher
dimensions (for subvarieties with trivial stabilizer) we make use of the theory of
strongly semistable sheaves and of the Cartier isomorphism.
Subvarieties of abelian varieties with ample cotangent bundle have been studied by
O. Debarre in his article [Deb05]. In it, he proved for example that the intersection of
at least n/2 sufficiently ample general hypersurfaces in an abelian variety of dimension
n has ample cotangent bundle. This provides us with an entire class of subvarieties
of abelian varieties for which our proof of the Manin-Mumford conjecture works. For
this class of subvarieties, we give an explicit bound for the set of prime-to-p torsion
points:
Theorem 2.1.3. Let K be a number field, A/K be an abelian variety of dimension
n and L = OA(D) be a very ample line bundle on A. Let c, e ∈ N with c ≥ n/2. Let
H1, H2, ...,Hc ∈ |Le| be general and let e be sufficiently big, so that the subvariety
X := H1 ∩H2 ∩ ... ∩Hc
has ample cotangent bundle. There exists a nonempty open subset V ⊆ Spec(OX)
such that, if p is in V and p is above a prime p > (n − c)2cec+1(Ln), then the
cardinality of Torp(A(K)) ∩X(K) is bounded above by
p2n
(
n−c∑
h=0
(
2n− 2c
h
)
(−p)n−c−hen−h ·Qn,c,h
)
(Ln)2.
where Torp(A(K)) is the set of prime-to-p torsion points of A(K) and Qn,h,c is a
natural number depending on n, c and h. (Cf. Theorem 2.7.1 for details about Qn,h,c
and V .)
To obtain such a “quantitative version” of the Manin-Mumford conjecture (for
the prime-to-p torsion) we use the same technique present in Buium’s paper. If
Gr1(Xp1) and Gr1(Ap1) denote the Greenber transform of level 1 of X and A (see
Section 3), then we embed the two varieties Gr1(Xp1) and [p]∗Gr1(Ap1) into the
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same projective space and use Bezout’s Theorem to compute the cardinality of their
intersection.
We conclude this introduction by giving an outline of the chapter:
 in Section 2 we fix those notations which will stay unchanged throughout the
paper;
 in Section 3 we recall definitions and basic properties of the Greenberg transform
and the critical schemes. Notice that the use of the Greenberg transform in
this paper corresponds to the use of p-jet spaces in Buium’s proof;
 Section 4 is dedicated to the theory of strongly semistable sheaves;
 Section 5 contains the proof of Theorem 2.1.2;
 in Section 6 we prove Theorem 2.1.1;
 in Section 7 we prove Theorem 2.1.3;
 Section 8 is an Appendix containing the proof of the following fact: the tangent
bundle of a smooth subvariety of an abelian variety which has trivial stabilizer
has no non-zero global sections (cf. Fact 2.8.1).
2.2 Notations
We fix the following notations:
 K a number field,
 K an algebraic closure of K,
 A/K an abelian variety,
 X ⊆ A a closed integral subscheme, smooth over K,
 StabA(X) the translation stabilizer of X in A, i.e. the closed subgroup scheme
of A characterized uniquely by the fact that for any K-scheme S and any
morphism b : S → A, translation by b on the product A ×K S maps the
subscheme X ×K S to itself if and only if b factors through StabA(X),
 U an open subscheme of Spec(OK) not containing any ramified prime and
such that A/K extends to an abelian scheme A/U and X extends to a smooth
closed integral subscheme X of A.
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For any prime number p, any p ∈ U above p and any n ≥ 0, we denote by:
 k(p) the residue field OK/p for p,
 Kp the completion of K with respect to p,
 K̂unrp the completion of the maximal unramified extension of Kp,
 R := W (k(p)) (resp. Rn := Wn(k(p))) the ring of Witt vectors (resp. the ring
of Witt vectors of length n+ 1) with coordinates in k(p). We recall that R can
be identified with the ring of integers of K̂unrp and R0 with k(p),
 Xpn the Rn-scheme X ×U Spec Rn
Apn the Rn-scheme A×U Spec Rn,
 Tor(A(K)) the torsion points in A(K),
 Torp(A(K)) ⊆ Tor(A(K)) the prime-to-p torsion,
 Torp(A(K)) ⊆ Tor(A(K)) the p-torsion.
2.3 The Greenberg transform and the critical schemes
Now we recall some basic facts about the Greenberg transform (for more details, see
[Gre61], [Gre63] and [[BLR90] p. 276-277]).
Throughout this section, a prime number p and a p ∈ U above p are fixed.
For any n ≥ 0, the Greenberg transform of level n is a covariant functor Grn from
the category of Rn-schemes locally of finite type, to the category of k(p)-schemes
locally of finite type. If Yn is an Rn-scheme locally of finite type, Grn(Yn) is a
k(p)-scheme with the property
Yn(Rn) = Grn(Yn)(k(p)).
More precisely, we can interpret Rn as the set of k(p)-valued points of a ring scheme
Rn over k(p). For any k(p)-scheme T , we define Wn(T ) as the ringed space over Rn
consisting of T as a topological space and of Hom
k(p)
(T,Rn) as a structure sheaf.
By definition Grn(Yn) represents the functor from the category of schemes over k(p)
to the category of sets given by
T 7→ HomRn(Wn(T ), Yn)
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where Hom stands for homomorphisms of ringed spaces. In other words, the functor
Grn is right adjoint to the functor Wn.
The functor Grn respects closed immersions, open immersions, fibre products,
smooth and e´tale morphisms. Furthermore it sends group schemes over Rn to group
schemes over k(p). The canonical morphism Rn+1 → Rn gives rise to a functorial
transition morphism Grn+1 → Grn.
Let Yn be a scheme over Rn locally of finite type. Then for any m < n we can
define
Ym := Yn ×Rn Rm.
Let us call FY0 : Y0 → Y0 the absolute Frobenius endomorphism of Y0 and ΩY0/k(p)
the sheaf of relative differentials.
For any finite rank locally free sheaf F over Y0 we will write
V (F ) := Spec
(
Sym
(
F∨
))
for the vector bundle over k(p) associated to F .
If Yn is smooth over Rn, then ΩY0/k(p) is a locally free sheaf. A key result in
[Gre63] is the following structure theorem:
Gr1(Y1)→ Gr0(Y0)
is a torsor under
V
(
F ∗Y0ΩY0/k(p)
)
.
Let X, A, X and A be as fixed in the previous section. For any n ≥ 0 we define
the n-critical scheme
Critn(X ,A) := [pn]∗Grn(Apn) ∩Grn(Xpn),
where [pn]∗Grn(Apn) refers to the scheme-theoretic image of Grn(Apn) by the mul-
tiplication map [pn]. Notice that Critn(X ,A) is a scheme over k(p) and that
Crit0(X ,A) = Xp0 , since Gr0 is the identity.
The natural morphisms Grn+1(Apn+1)→ Grn(Apn) lead to a projective system
of k(p)-schemes:
· · · → Crit2(X ,A)→ Crit1(X ,A)→ Xp0
whose connecting morphisms are both affine and proper, hence finite. In fact,
transition morphisms are always affine and for any n ≥ 0 the subscheme [pn]∗Grn(Apn)
is proper, being the greatest abelian subvariety of Grn(Apn).
We shall write Excn(X ,A) for the scheme theoretic image of the morphism
Critn(X ,A)→ Xp0 .
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2.4 The geometry of vector bundles in positive
characteristic
Let us recall some results on vector bundes in positive characteristic we will need
later (see paragraph 2 in [Ro¨s14] for all the details and proofs).
Let Y be a smooth projective variety over an algebraically closed field l0 of
positive characteristic. We write as before ΩY/l0 for the sheaf of differentials of Y
over l0 and FY : Y → Y for the absolute Frobenius endomorphism of Y . We start
with following elementary lemma.
Lemma 2.4.1. Let
0→ V →W → N → 0
be an exact sequence of vector bundles on Y . Suppose that W ' OlY for some l > 0.
Then for any dominant proper morphism φ : Y ′ → Y , where Y ′ is integral, the
morphism
φ∗ : H0(Y, V )→ H0(Y ′, φ∗V )
is an isomorphism.
Proof. We have the following commutative diagram with exact rows
0 H0(Y, V ) H0(Y,W ) H0(Y,N)
0 H0(Y ′, φ∗V ) H0(Y ′, φ∗W ) H0(Y ′, φ∗N)
φ∗ φ∗ φ∗
In this diagram all three vertical arrows are injective thanks to the surjectivity of
φ. Furthermore, the middle vertical arrow is an isomorphism, since both H0(Y,OY )
and H0(Y ′,OY ′) coincide with l0 and both W and φ∗W are trivial. The five lemma
now implies that the left vertical arrow is surjective.
Let L be a very ample line bundle on Y . If V is a torsion free coherent sheaf on
Y , we shall write
µ(V ) = µL(V ) = degL(V )/rk(V )
for the slope of V (with respect to L). Here rk(V ) is the rank of V , i.e. the dimension
of the stalk of V at the generic point of Y . Furthermore,
degL(V ) :=
∫
Y
c1(V ) · c1(L)dim(Y )−1
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where c1(·) refers to the first Chern class with values in an arbitrary Weil cohomology
theory and the integral
∫
Y stands for the push-forward morphism to Specl0 in that
theory. Recall that V is called semistable (with respect to L) if for every coherent
subsheaf W of V , we have µ(W ) ≤ µ(V ) and it is called strongly semistable if Fn,∗Y V
is semistable for all n ≥ 0.
In general, there exists a filtration
0 = V0 ⊆ V1 ⊆ · · · ⊆ Vr−1 ⊆ Vr = V
of V by subsheaves, such that the quotients Vi/Vi−1 are all semistable and such that
the slopes µ(Vi/Vi−1) are strictly decreasing for i ≥ 1. This filtration is unique and
is called the Harder-Narasimhan (HN) filtration of V . We will say that V has a
strongly semistable HN filtration if all the quotients Vi/Vi−1 are strongly semistable.
We shall write
µmin(V ) := inf{µ(Vi/Vi−1)}i≥1
and
µmax(V ) := sup{µ(Vi/Vi−1)}i≥1.
An important consequence of the definitions is the following fact: if V and W are
two torsion free sheaves on Y and µmin(V ) > µmax(W ), then HomY (V,W ) = 0. We
also recall that we have the following equivalences:
V is semistable ⇔ µmin(V ) = µmax(V ) ⇔ µmin(V ) = µ(V ).
The first one is clear, the second one is a consequence of:
µmin(V ) = min{µ(Q) | Q is a quotient of V }.
For more on the theory of semistable sheaves, see the monograph [HL10].
The following two theorems are key results from A. Langer (cf. Theorem 2.7 and
Corollary 6.2 in [Lan04]).
Theorem 2.4.2. If V is a torsion free coherent sheaf on Y , then there exists n0 ≥ 0
such that Fn,∗Y V has a strongly semistable HN filtration for all n ≥ n0.
If V is a torsion free coherent sheaf on Y , we now define
µmin(V ) := limr→∞µmin(F
r,∗
Y V )/char(l0)
r
and
µmax(V ) := limr→∞µmax(F
r,∗
Y V )/char(l0)
r.
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Note that Theorem 2.4.2 implies that the two sequences µmin(F
r,∗
Y V )/char(l0)
r and
µmax(F
r,∗
Y V )/char(l0)
r become constant when r is sufficiently large, so the above defi-
nitions of µmin and µmax make sense. Furthermore the sequences µmin(F
r,∗
Y V )/char(l0)
r
and µmax(F
r,∗
Y V )/char(l0)
r are respectively weakly decreasing and weakly increasing,
therefore we have
µmin(V ) ≥ µmin(V ) and µmax(V ) ≥ µmax(V ).
Let us define
α(V ) := max {µmin(V )− µmin(V ), µmax(V )− µmax(V )} .
Theorem 2.4.3. If V is of rank r, then
α(V ) ≤ r − 1
char(l0)
max
{
µmax(ΩY/l0), 0
}
.
In particular, if µmax(ΩY/l0) ≥ 0 and char(l0) ≥ d = dim Y ,
µmax(ΩY/l0) ≤
char(l0)
char(l0) + 1− d µmax(ΩY/l0).
The following lemmas will be a key input in the proof of Theorem 2.5.4.
Lemma 2.4.4. Let V be a vector bundle over Y . Suppose that
- for any surjective finite morphism φ : Y ′ → Y , we have H0(Y ′, φ∗V ) = 0,
- V ∨ is globally generated.
Then
- for any surjective finite morphism φ : Y ′ → Y , such that Y ′ is smooth over l0, we
have µmin(φ
∗V ∨) > 0. In particular µmin(V ∨) > 0;
- there is an n0 ∈ N such that H0
(
Y, Fn,∗Y V ⊗ ΩY/l0
)
= 0 for all n > n0.
Proof. The bundle V ∨ is globally generated, so for any φ as in the hypotheses φ∗(V ∨)
is globally generated. This implies
µmin
(
φ∗(V ∨)
) ≥ 0.
Actually µmin (φ
∗(V ∨)) cannot be zero. In fact, suppose by contradiction that φ∗(V ∨)
has a non-zero semistable quotient Q = φ∗(V ∨)/Q0 of degree zero. Lemma 2.2 in
[Ro¨s14] shows that any globally generated torsion free sheaf of degree zero is trivial,
so we have
φ∗(V ∨) w Q0 ⊕O⊕dY ′
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for some d > 0. This implies that φ∗(V ∨) has a non-vanishing section, which
contradicts the assumptions.
To prove the second assertion it is enough to show that
µmin
(
Fn,∗Y (V
∨)
)
> µmax
(
ΩY/l0
)
for n large enough, since
H0
(
Y, Fn,∗Y V ⊗ ΩY/l0
)
= HomY
(
Fn,∗Y (V
∨),ΩY/l0
)
.
Now taking φ = Fn,∗Y , we obtain that µmin
(
Fn,∗Y (V
∨)
)
> 0 for any n. Since the
sequence
µmin
(
Fn,∗Y (V
∨)
)
/char(l0)
n
becomes constant for n sufficiently large, it follows that µmin
(
Fn,∗Y (V
∨)
)
tends to
infinity and therefore
µmin
(
Fn,∗Y (V
∨)
)
> µmax
(
ΩY/l0
)
for n big enough.
Lemma 2.4.5. Let V and Y be as in Lemma 2.4.4. Let n0 be a natural number
verifying H0
(
Y, Fn,∗Y V ⊗ ΩY/l0
)
= 0 for all n > n0 and let T → Y be a torsor under
V
(
Fn0,∗Y V
)
:= Spec
(
Sym
(
Fn0,∗Y V
∨)) .
Let φ : Y ′ → Y be a proper surjective morphism and suppose that Y ′ is irreducible.
Then we have the implication:
φ∗T is a trivial V
(
φ∗(Fn0,∗Y V )
)
-torsor =⇒ T is a trivial V (Fn0,∗Y V )-torsor.
The proof of this lemma uses Lemma 2.4.4, an argument attributed to Moret-
Bailly in order to restrict to the case in which φ is generically purely inseparable and
a result by Spziro, Lewin-Me´ne´gaux stating the injectivity of the map
H1(Y, V )→ H1 (Y, F ∗Y V )
whenever H0
(
Y, F ∗Y V ⊗ ΩY/l0
)
= 0. See Corollary 2.8 in [Ro¨s14] for the actual proof.
2.5 Sparsity of p-divisible unramified liftings
Let K, A and X be as fixed in Notations and let StabA(X) be trivial.
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In this section we prove our result on the sparsity of p-divisible unramified liftings
(cf. Theorem 2.5.4 below). A fundamental intermediate step to do so will be Lemma
2.5.2.
The construction of the stabilizer commutes with the base change, so we have
StabA(X) = StabA(X )×U SpecK.
Since StabA(X) is trivial, by generic flatness and finiteness, we can restrict the map
pi : StabA(X )→ U to the inverse image of a non-empty open subscheme U ′ ⊂ U to
obtain a finite flat commutative group scheme of degree one
pi|pi−1(U ′) : pi−1(U ′)→ U ′.
Corollary 3 in paragraph 4 of [SCA86] implies that pi|pi−1(U ′) is e´tale and therefore
an isomorphism. In particular, for any q ∈ U ′ we have that StabAq0 (Xq0) is trivial.
Therefore there exist only finitely many q1, ..., qk elements in U such that StabAq0 (Xq0)
is not trivial. We will denote by U˜ ⊆ U the open subscheme
U˜ := U \ {q1, ..., qk}.
For any p ∈ U we denote by F
k(p)
the Frobenius automorphism on k(p) and by FR1
the automorphism of R1 induced by Fk(p). We define
X ′p0 := Xp0 ×Fk(p) k(p)
X ′p1 := Xp1 ×FR1 R1
and we write
F
Xp0/k(p)
: Xp0 → X ′p0
for the relative Frobenius on Xp0 . For brevity’s sake, from now on we will write
ΩXp0
(
resp. ΩX′
p0
, ΩXp1 , ΩX′p1
, ΩX
)
instead of
Ω
Xp0/k(p)
(
resp. Ω
X′
p0
/k(p)
, ΩXp1/R1 , ΩX
′
p1
/R1 , ΩX/K
)
.
We need the recall the following fundamental result due to Cartier (see [Kat70], Th.
7.2 for its proof):
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Theorem 2.5.1. There exists a unique homomorphism of OX′
p0
-graded algebras
C−1 :
⊕
i≥0
ΩiX′
p0
→
⊕
i≥0
H i
(
F
Xp0/k(p),∗Ω
•
Xp0
)
such that C−1d(x⊗ 1) =class of xp−1dx for all global sections x of OX . Furthermore
C−1 is an isomorphism and its inverse is called the Cartier isomorphism.
Observe now that since U is normal, then A is projective over U (cf. Th.XI 1.4
in [Ray77]). Therefore there exists a U−very ample line bundle L on X . For any
p ∈ U different from the generic point ξ, let us denote by Lp the inverse image of
L on Xp0 . Similarly we denote by Lξ the inverse image of L on X. From now on,
for any vector bundle Gp over Xp0 , we will write deg(Gp) for the degree of Gp with
respect to Lp. Analogously, if Gξ is a vector bundle over X, we will write deg(Gξ)
for the degree of Gξ with respect to Lξ. Now consider the vector bundle ΩX/U over
X . The map from U to Z defined by
p 7→ χ ((ΩX/U ⊗ Lm)p) = χ(ΩXp0 ⊗ Lmp )
and
ξ 7→ χ ((ΩX/U ⊗ Lm)ξ) = χ (ΩX ⊗ Lmξ )
(here χ refers to the Euler characteristic) is locally constant on U (cf. Ch.II, Sec.5 in
[MRM74]). But deg(ΩXp0 ) only depends on the polynomial map χ
(
ΩXp0 ⊗ Lmp
)
, so
for every p ∈ U we have deg
(
ΩXp0
)
= deg(ΩX).
Lemma 2.5.2. Let K, A and X be as fixed in Notations, let StabA(X) be trivial
and let n be the dimension of X over K. Then
HomXp0
(
F k,∗Xp0ΩXp0 ,ΩXp0
)
= 0
for any k ≥ 1 and any p ∈ U˜ above a prime p > n2deg (ΩX).
Proof. Let us fix p ∈ U˜ above a prime p > n2deg (ΩX). We know that if
µmin
(
F k,∗Xp0ΩXp0
)
> µmax
(
ΩXp0
)
then HomXp0
(
F k,∗Xp0ΩXp0 ,ΩXp0
)
= 0. Since µmin ≥ µmin and µmax ≥ µmax, it is
sufficient to show that
µmin
(
F k,∗Xp0ΩXp0
)
> µmax
(
ΩXp0
)
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for every k ≥ 1.
Recall now that StabAp0 (Xp0) = 0 implies H
0
(
Xp0 ,Ω
∨
Xp0
)
= 0 (see Appendix
for this). The existence of the short exact sequence
0→ Ω∨Xp0 → i
∗Ω∨Ap0 → N → 0
(here N is the normal bundle to Xp0 in Ap0 and i : Xp0 ↪→ Ap0 is the closed immersion)
assure that we can apply Lemma 2.4.1 with Y = Xp0 and V = Ω
∨
Xp0
. Therefore for
any surjective finite morphism φ : Y ′ → Xp0 , we have
H0
(
Y ′, φ∗Ω∨Xp0
)
' H0
(
Xp0 ,Ω
∨
Xp0
)
= 0.
This tells us that the first hypothesis of Lemma 2.4.4 is satisfied (again in the case
Y = Xp0 and V = Ω
∨
Xp0
). The second hypothesis is also satisfied: to see that ΩXp0 is
globally generated it is enough to dualize the exact sequence above
0→ N∨ → i∗ΩAp0 → ΩXp0 → 0
and remember that the vector bundle ΩAp0 is free. Therefore Lemma 2.4.4 implies
µmin
(
ΩXp0
)
> 0. Using this and the equality µmin
(
F k,∗Xp0ΩXp0
)
= pkµmin
(
ΩXp0
)
,
then all we have to verify is that
pµmin
(
ΩXp0
)
> µmax
(
ΩXp0
)
.
Theorem 2.4.3 gives us the following inequality
µmin
(
ΩXp0
)
− µmin
(
ΩXp0
)
≥ 1− n
p
µmax
(
ΩXp0
)
so that
pµmin
(
ΩXp0
)
≥ pµmin
(
ΩXp0
)
+ (1− n)µmax
(
ΩXp0
)
.
We are then reduced to prove that
pµmin
(
ΩXp0
)
> nµmax
(
ΩXp0
)
.
We make use again of Theorem 2.4.3
µmax
(
ΩXp0
)
≤ p
p+ 1− nµmax
(
ΩXp0
)
so it is enough to show that
(p+ 1− n)µmin
(
ΩXp0
)
> nµmax
(
ΩXp0
)
.
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If ΩXp0 is semistable, we obtain p > 2n−1. Otherwise, we can estimate µmax
(
ΩXp0
)
and µmin
(
ΩXp0
)
in the following way. There exists a subsheaf 0 6= M ( ΩXp0 such
that
µmax
(
ΩXp0
)
=
deg(M)
rk(M)
therefore we have µmax
(
ΩXp0
)
≤ deg(M) ≤ deg
(
ΩXp0
)
− 1. Similarly,
µmin
(
ΩXp0
)
=
deg(Q)
rk(Q)
for some Q quotient of ΩXp0 , so µmin
(
ΩXp0
)
≥ 1/n. It is then sufficient to have
p > n2deg
(
ΩXp0
)
+ (n− 1− n2).
Since n − 1 − n2 is always negative, we are reduced to p > n2deg
(
ΩXp0
)
. Now
deg
(
ΩXp0
)
is greater or equal to one, so n2deg
(
ΩXp0
)
≥ 2n − 1 for any n. This
ensures us that the condition
p > n2deg
(
ΩXp0
)
is sufficient to have µmin
(
F k,∗Xp0ΩXp0
)
> µmax
(
ΩXp0
)
for every k ≥ 1 whether ΩXp0
is semistable or not. To conclude it is enough to remember that deg
(
ΩXp0
)
coincides
with deg (ΩX).
Corollary 2.5.3. The map
H1
(
Xp0 , F
∗
Xp0
Ω∨Xp0
)
→ H1
(
Xp0 , F
k,∗
Xp0
Ω∨Xp0
)
is injective for every k ≥ 1 and every p ∈ U˜ above a prime p > n2deg (ΩX).
Proof. Lemma 2.5.2 and Spziro, Lewin-Me´ne´gaux result (stated at the end of the
previous section) imply that
H1
(
Xp0 , F
h,∗
Xp0
Ω∨Xp0
)
→ H1
(
Xp0 , F
h+1,∗
Xp0
Ω∨Xp0
)
is injective for every h ≥ 0. Therefore the composition
H1
(
Xp0 , F
∗
Xp0
Ω∨Xp0
)
H1
(
Xp0 , F
2,∗
Xp0
Ω∨Xp0
)
... H1
(
Xp0 , F
k,∗
Xp0
Ω∨Xq0
)
is an injective map.
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We are now ready to prove Theorem 2.5.4.
Theorem 2.5.4. With the same hypotheses as in Lemma 2.5.2, for any p ∈ U˜ above
a prime p > n2deg (ΩX), the set{
P ∈ Xp0(k(p)) | P lifts to an element of pAp1(R1) ∩Xp1(R1)
}
is not Zariski dense in Xp0.
Notice that in [Ro¨s13], D. Ro¨ssler proved a result on the sparsity of higly p-
divisible unramified liftings implying that, for m big enough, the set{
P ∈ Xp0(k(p)) | P lifts to an element of pmApm(Rm) ∩Xpm(Rm)
}
is not Zariski dense in Xp0 (cf. Th. 4.1 in [Ro¨s13]). Theorem 2.5.4 can be viewed as
an effective form of Ro¨ssler’s result.
Proof. Since Crit1(X ,A)(k(p)) = pAp1(R1) ∩Xp1(R1), we have that{
P ∈ Xp0(k(p)) | P lifts to an element of pAp1(R1) ∩Xp1(R1)
}
coincides with the image of Crit1(X ,A)(k(p))→ Xp0(k(p)). Therefore, the thesis of
our theorem is equivalent to: Exc1(X ,A) does not coincide with Xp0 .
Let us suppose by contradiction that Exc1(X ,A) = Xp0 .
Consider the commutative diagram of k(p)-schemes
Crit1(X ,A) Xp0
Gr1(Xp1) Xp0
Id
where the left vertical morphism is a closed immersion. Since we are assuming
Exc1(X ,A) = Xp0 , then Crit1(X ,A)→ Xp0 is surjective. We choose an irreducible
component
Crit1(X ,A)0 ↪→ Crit1(X ,A)
which dominates Xp0 . Now consider the V
(
F ∗Xp0ΩXp0
)
-torsor pi1 : Gr1(Xp1)→ Xp0 .
Lemma 2.5.2 allows us to apply Lemma 2.4.5 with T = Gr1(Xp1), Y = Xp0 , n0 = 1
and φ equal to
Crit1(X ,A)0 → Xp0 .
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We have that φ∗Gr1(Xp1) is trivial as V
(
φ∗F ∗Xp0ΩXp0
)
-torsor, since
Crit1(X ,A)0 ⊆ Gr1(Xp1).
Hence we obtain that pi1 : Gr1(Xp1)→ Xp0 is trivial as V
(
F ∗Xp0ΩXp0
)
-torsor. Let us
take a section σ : Xp0 → Gr1(Xp1). By definition of Greenberg transform, the map
σ over k(p) corresponds to a map σ : W1(Xp0)→ Xp1 over R1. We can precompose
σ with the morphism t : Xp1 →W1(Xp0) corresponding to
W1(OXp0 )→ OXp1
(a0, a1) 7→ a˜p0 + a˜1p
where a˜i lifts ai. Consider now the following diagram
Xp1 W1(Xp0) Xp1
Xp0 Xp0 Xp0
FX
p0
σ
Id
t
Notice that the composition
Xp0 Xp1 W1(Xp0)
t
simply corresponds to the map
W1(OXp0 )→ OXp0
(a0, a1) 7→ a˜p0.
Therefore the left square in the above diagram is commutative. The properties of
the Greenberg transform and the equality pi1 ◦ σ = IdXp0 imply that the right square
is commutative too. We obtain in this way that σ ◦ t : Xp1 → Xp1 is a lift of the
Frobenius FXp0 over R1.
The diagram below is also commutative
Xp1 W1(Xp0) Xp1
Spec(R1) Spec(R1) Spec(R1)
FR1
σ
Id
t
32
2.5. Sparsity of p-divisible unramified liftings
In fact, by definition, σ is a morphism over R1, so the right square is commutative.
The commutativity of the left square is easy to check, since we know explicitely t
and FR1 .
The commutativity of the diagram above implies the existence of a morphism
F˜ : Xp1 → X ′p1
over R1 lifting FXp0/k(p)
. Now we use a classical argument involving lifting the
Frobenius and the Cartier isomorphism (cf. part (b) of the proof of The´ore`me 2.1 in
[DI87]). Since
F ∗
Xp0/k(p)
: ΩX′
p0
→ F
Xp0/k(p),∗ΩXp0
is the zero map, then the image of F˜ ∗ : ΩX′
p1
→ F˜∗ΩXp1 is contained in pF˜∗ΩXp1 .
Furthermore, the multiplication by p induces an isomorphism
p : F
Xp0/k(p),∗ΩXp0 → pF˜∗ΩXp1 ,
so that there exists a unique map
f := p−1F˜ ∗ : ΩX′
p0
→ F
Xp0/k(p),∗ΩXp0
making the diagram below commutative
ΩX′
p1
pF˜∗ΩXp1
ΩX′
p0
F
Xp0/k(p),∗ΩXp0
f
p
F˜ ∗
If x is a local section of OXp1 with reduction x0 modulo p, then
F˜ ∗(x⊗ 1) = xp + pu(x)
where u(x) is a local section of OXp1 and
f(dx0 ⊗ 1) = xp−10 dx0 + d(u(x)).
In particular we have that df = 0 and the map
H1 ◦ f : ΩX′
p0
→ F
Xp0/k(p),∗ΩXp0 → H
1
(
F
Xp0/k(p),∗Ω
•
Xp0
)
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coincides with the inverse of the Cartier isomorphism C−1 in degree one (see Theorem
2.5.1). Therefore H1 ◦ f is an isomorphism which implies that f is not the zero map.
We can now consider the adjoint of f
f : F ∗Xp0ΩXp0 = F
∗
Xp0/k(p)
ΩX′
p0
→ ΩXp0 .
Being f nonzero, then also f is nonzero and this contradicts Lemma 2.5.2.
2.6 The Manin-Mumford conjecture for subvarieties
with ample cotangent bundle
Let K, X, A be as fixed in Notations and let StabA(X) be trivial. In this section we
also suppose that ΩX is ample. Then by Proposition 4.4 in [Har66] we know that
ΩXp0 is ample for all p in a nonempty open subscheme W of U . Let us denote by U
the open subscheme
U := W ∩ U˜ ⊆ U,
so that every p ∈ U verifies:
- K/Q is unramified at p,
- X/K has good reduction at p,
- StabAp0 (Xp0) is trivial,
- ΩXp0 is ample.
Theorem 2.6.1. Let K, A and X be as fixed in Notations, let StabA(X) be trivial,
let ΩX be ample and n be the dimension of X over K. For any p ∈ U above a prime
p > n2deg (ΩX) the set
pAp1(R1) ∩Xp1(R1)
is finite.
Proof. This is clearly equivalent to show that the scheme
Crit1(X ,A) = [p]∗Gr1(Ap1) ∩Gr1(Xp1)
is finite over k(p). We have already observed that [p]∗Gr1(Ap1) is proper over
k(p), being the greatest abelian subvariety of Gr1(Ap1). Therefore if we prove that
Gr1(Xp1) is affine we are done, since any affine proper morphism is finite. To prove
that Gr1(Xp1) is affine, we use exactly the same argument the reader can find in
Proposition 1.10 in [Bui96].
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Let us consider the V
(
F ∗Xp0ΩXp0
)
-torsor pi1 : Gr1(Xp1) → Xp0 . While proving
Theorem 2.5.4, we have seen that pi1 is not trivial. Now let
η ∈ H1
(
Xp0 , F
∗
Xp0
Ω∨Xp0
)
be the class defined by pi1. Under the natural isomorphism
H1
(
Xp0 , F
∗
Xp0
Ω∨Xp0
)
w Ext1
(
F ∗Xp0ΩXp0 ,OXp0
)
η corresponds to some extension
0→ OXp0 → E → F ∗Xp0ΩXp0 → 0. (2.1)
We denote by P(E) the projective bundle over Xp0 associated to E, and by D the
divisor P
(
F ∗Xp0ΩXp0
)
⊆ P(E). Then the torsor pi1 identifies with P(E) \D.
The fact that pi1 is not the trivial torsor implies that the short sequence (2.1) is
nonsplit. We can say even more: for any proper surjective morphism φ : Y ′ → Xp0
with Y ′ is irreducible, the pullback of (2.1) through φ is nonsplit. This is exactly
what Lemma 2.4.5 tells us (notice that we can apply Lemma 2.4.5 to our situation
thanks to Lemma 2.5.2). This and our assumption on the ampleness of ΩXp0 allow
us to apply Corollary 2 in Sec. 1 of [MD84]: we obtain that E is ample, i.e. OP(E)(1)
is ample. But D belongs to the linear system of OP(E)(1), hence D is ample and
Gr1(Xp1) is affine.
It is now easy to deduce a new proof of the Manin-Mumford conjecture in the
case of a subvariety with ample cotangent bundle.
Theorem 2.6.2. Let K, A and X be as fixed in Notations, let StabA(X) be trivial
and let ΩX be ample. The set
Tor(A(K)) ∩X(K)
is finite.
Proof. Let us fix p > n2deg (ΩX) and write
Tor(A(K)) = Torp(A(K))⊕ Torp(A(K)).
We prove the finiteness of Torp(A(K))∩X(K) and the finiteness of Torp(A(K))∩X(K)
separately.
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If p ∈ U is above p, then the field of definition of every prime-to-p torsion point
is unramified at p. This implies
Torp(A(K)) ∩X(K) ⊆ Torp(A(R)) ∩ X (R)
where R is the ring of Witt vectors with coordinates in k(p). By precomposing with
the morphism Spec R1 → Spec R we obtain a homomorphism δ : A(R)→ Ap1(R1).
The restriction of δ to Torp(A(R)) is injective: in fact if p ≥ 3 then the restriction to
the entire torsion is injective and if p = 2 the only torsion points contained in the
kernel are of order 2 (see [[Sil86], Chapter IV, Theorem 6.1] for this). So we have an
injection
Torp(A(R)) ∩ X (R) ↪→ Torp(Ap1(R1)) ∩Xp1(R1).
Since Torp(Ap1(R1)) ⊆ pAp1(R1), we obtain
Torp(A(K)) ∩X(K) ⊆ pAp1(R1) ∩Xp1(R1).
Therefore Torp(A(K)) ∩X(K) is a finite set by Theorem 2.6.1.
Now, for brevity’s sake, let us write Z := Torp(A(K)) ∩X(K) and let us denote
by Z the Zariski closure of Z. We use here an argument given by D. Ro¨ssler in the
last remark of [Ro¨s05]. Let us write A[p] for the p-torsion points of A and K ′ for
the extension of K generated by the points in A[p]. Then Z is the union
Z =
(
Z ∩A(K ′))⋃(Z ∩A(K ′)c) .
Since Z is Zariski dense in Z, then at least one of the above sets has to be dense
in Z. But (Z ∩A(K ′)c) is not dense in Z: this is a consequence of Proposition 3 in
[Ro¨s05] and of our assumption Stab(X) = 0. Then (Z ∩A(K ′)), which is a finite
set by the theorem of Mordell-Weil, is dense in Z. This implies that Z is finite. In
particular Z is finite.
2.7 An explicit bound for the cardinality of the
prime-to-p torsion of Debarre’s subvarieties
In this section we provide an upper bound for the number of points in the set
Torp(A(K)) ∩X(K) in the case in which X is a subvariety with ample cotangent
bundle of the type studied by Debarre in [Deb05].
Let A/K be an abelian variety of dimension n and let L = OA(D) be a very ample
line bundle on A. Let c ∈ N be greater then n/2 and e ∈ N. For H1, H2, ...,Hc ∈ |Le|
general and e sufficiently big, the subvariety X := H1 ∩ H2 ∩ ... ∩ Hc has ample
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cotangent bundle (Theorem 8 in [Deb05]). Suppose that X is smooth and has trivial
stabilizer.
First of all, let us take a sufficiently small open V ⊆ Spec(OK) such that A
extends over V to an abelian scheme A, L extends to a V -very ample line bundle L,
Hi extends to Hi for every i and X := H1 ∩H2 ∩ ... ∩Hc is smooth and has ample
cotangent bundle. We can restrict V if necessary and suppose that for all p ∈ V the
stabilizer StabAp0 (Xp0) is trivial and K/Q is unramified at p.
For any m ∈ N we define
Cm :=
{
(r1, r2, ...)|ri ∈ N and
∑
iri = m
}
and for any β ∈ Cm we define
Mβ := (−1)
∑
βi
( ∑
βi
β1, β2, ...
)
Rcβ :=
∏
j≥1
(
c
j
)βj
.
Finally for any m ∈ N we write
Wm,c :=
∑
β∈Cm
MβR
c
β.
Theorem 2.7.1. Let K be a number field, A/K be an abelian variety of dimension
n and let L = OA(D) be a very ample line bundle on A. Let c, e ∈ N with c ≥ n/2.
Let H1, H2, ...,Hc ∈ |Le| be general and e be sufficiently big, so that the subvariety
X := H1∩H2∩...∩Hc has ample cotangent bundle. Suppose that X is smooth and has
trivial stabilizer. If p is in V (the open subscheme of Spec(OX) defined above) and p
is above a prime p > (n− c)2cec+1(Ln), then the cardinality of Torp(A(K)) ∩X(K)
is bounded by
p2n
n−c∑
h=0
(
2n− 2c
h
)
(−p)n−c−hen−h ·
∑
β∈Cn−c−h
Mβ
∏
i≥1
W βii,c
 (Ln)2.
Proof. Fix p above a prime p > (n− c)2 degL|X ΩX . Then we know that
Torp(A(K)) ∩X(K) ⊆ ([p]∗Gr1(Ap1) ∩Gr1(Xp1)) (k(p))
which is finite by Theorem 2.6.1. We have two exact sequences of vector bundles
0→ OXp0 → EX → F ∗Xp0ΩXp0 → 0
0→ OAp0 → EA → F ∗Ap0ΩAp0 → 0
37
2. The Manin-Mumford conjecture for subvarieties with ample
cotangent bundle
corresponding to the torsors Gr1(Xp1)→ Xp0 and Gr1(Ap1)→ Ap0 . If we denote by
DX the divisor P
(
F ∗Xp0ΩXp0
)
⊆ P(EX) and DA the divisor P
(
F ∗Ap0ΩAp0
)
⊆ P(EA),
then we have two identifications
Gr1(Xp1) ' P(EX) \DX
Gr1(Ap1) ' P(EA) \DA.
We shall write i for the closed embedding i : ΩXp0 → ΩAp0 . It is not difficult to
show that there is a natural restriction homomorphism i∗EA → EX prolonging
the homomorphism i∗ΩAp0 → ΩXp0 . The homomorphism i∗EA → EX is clearly
surjective, so it induces a closed embedding j : P(EX) ↪→ P(EA) prolonging the
embedding Gr1(Xp1) ↪→ Gr1(Ap1). Therefore we have a commutative diagram
[p]∗Gr1(Ap1)
Gr1(Xp1) Gr1(Ap1)
P(EX) P(EA)
Xp0 Ap0
Spec(k(p))
piX piA
T
j
i
Let us denote by Lp the base change of L to Ap0 . It is standard to prove that the
line bundle
H := pi∗ALp ⊗OP(EA)(1).
is very ample on P(EA) (cf. pag 4 in [BV96]). We have
H|P(EX) = pi∗Xi∗Lp ⊗OP(EX)(1)
H|[p]∗Gr1(Ap1 ) = T
∗Lp
since DA ∈ |OP(EA)(1)| and [p]∗Gr1(Ap1) ⊆ Gr1(Ap1) ' P(EA) \DA. We know that
[p]∗Gr1(Ap1) is the maximal abelian subvariety of Gr1(Ap1) and we also know that
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the multiplication by p map on Gr1(Ap1) factors through the isogeny T . This implies
that T has degree at most p2n, so we have the following estimate
degH([p]∗Gr1(Ap1)) ≤ p2n(Lnp ).
Let us now consider degH(P(EX)). It coincides with∫
P(EX)
c1(H|P(EX))2n−2c (2.2)
where c1 stands for the first Chern class in the Chow ring and
∫
P(EX) stands for the
push-forward morphism to Spec(k(p)) in the Chow theory. Since
c1(H|P(EX)) = c1(pi∗Xi∗Lp) + c1(OP(EX)(1))
we can re-write (2.2) as∫
P(EX)
2n−2c∑
h=0
(
2n− 2c
h
)
c1(pi
∗
Xi
∗Lp)h · c1(OP(EX)(1))2n−2c−h.
Equivalently∫
Xp0
2n−2c∑
h=0
(
2n− 2c
h
)
c1(i
∗Lp)h · piX,∗
(
c1(OP(EX)(1))2n−2c−h
)
and by definition of Segre class this is∫
Xp0
2n−2c∑
h=0
(
2n− 2c
h
)
c1(i
∗Lp)h · sn−c−h(EX).
But sk = 0 if k < 0, so we end up with∫
Xp0
n−c∑
h=0
(
2n− 2c
h
)
c1(i
∗Lp)h · sn−c−h(EX).
Now the exact sequence
0→ OXp0 → EX → F ∗Xp0ΩXp0 → 0
implies
sn−c−h(EX) =
∑
i+j=n−c−h
si(OXp0 )sj
(
F ∗Xp0ΩXp0
)
= sn−c−h
(
F ∗Xp0ΩXp0
)
and so
sn−c−h(EX) = sn−c−h
(
F ∗Xp0ΩXp0
)
= pn−c−hsn−c−h(ΩXp0 )
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(here we have used the following fact: the pullback of a cycle η of codimension j
through the Frobenius map is pjη). Therefore we have to study the following sum
n−c∑
h=0
(
2n− 2c
h
)
pn−c−hc1(i∗Lp)h · sn−c−h(ΩXp0 ) (2.3)
We can rewrite sn−c−h(ΩXp0 ) as a function of c1(i
∗Lp). Recall that if
∑
m≥0 amt
m is
a formal power series with a0 = 1 then its inverse (for the multiplication) is∑
m≥0
amt
m
−1 = ∑
m≥0
 ∑
β∈Cm
Mβ
∏
i≥1
aβii
 tm.
Since
st(ΩXp0 ) = 1 + s1(ΩXp0 )t+ s2(ΩXp0 )t
2 + ...
is the inverse power series of
ct(ΩXp0 ) = 1 + c1(ΩXp0 )t+ c2(ΩXp0 )t
2 + ...
we obtain
sn−c−h(ΩXp0 ) =
∑
β∈Cn−c−h
Mβ
∏
i≥1
ci(ΩXp0 )
βi =
∑
β∈Cn−c−h
Mβ
∏
i≥1
(−1)iβici(TXp0 )βi
The normal exact sequence for i
0→ TXp0 → i∗TAp0 → N → 0
implies
ct(TXp0 )ct(N) = ct(i
∗TAp0 ) = 1
where N is the normal bundle for i, so we have that ct(TXp0 ) is the inverse of ct(N).
Recalling that
ct(N) =
(
1 + c1(i
∗Lep)t
)c
and applying the formula for the inverse of a formal power series to ct(TXp0 ) we get
ci(TXp0 ) =
∑
β∈Ci
Mβ
∏
j≥1
cj(N)
βj =
∑
β∈Ci
Mβ
∏
j≥1
((
c
j
)
c1(i
∗Lep)j
)βj
=
∑
β∈Ci
Mβ
∏
j≥1
(
c
j
)βj
c1(i
∗Lep)jβj
= c1(i
∗Lep)i
∑
β∈Ci
MβR
c
β
= c1(i
∗Lep)iWi,c.
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Therefore we have
sn−c−h(ΩXp0 ) =
∑
β∈Cn−c−h
Mβ
∏
i≥1
(−1)iβic1(i∗Lep)iβiW βii,c
=
∑
β∈Cn−c−h
Mβ(−1)n−c−hc1(i∗Lep)n−c−h
∏
i≥1
W βii,c
=
∑
β∈Cn−c−h
Mβ(−e)n−c−hc1(i∗Lp)n−c−h
∏
i≥1
W βii,c .
Substituting in 2.3, we obtainn−c∑
h=0
(
2n− 2c
h
)
(−pe)n−c−h ·
∑
β∈Cn−c−h
Mβ
∏
i≥1
W βii,c
 c1(i∗Lp)n−c.
Therefore degH(P(EX)) isn−c∑
h=0
(
2n− 2c
h
)
(−pe)n−c−h ·
∑
β∈Cn−c−h
Mβ
∏
i≥1
W βii,c
∫
Xp0
c1(i
∗Lp)n−c
Now since Xp0 = H1,p ∩ ... ∩Hc,p where H1,p, ...,Hc,p belong to |Lep|, we have∫
Xp0
c1(i
∗Lp)n−c = ec
∫
Ap0
c1(Lp)n = ec(Lnp )
and
degH(P(EX)) =
n−c∑
h=0
(
2n− 2c
h
)
(−p)n−c−hen−h ·
∑
β∈Cn−c−h
Mβ
∏
i≥1
W βii,c
 (Lnp ).
Now Bezout’s theorem in Fulton’s form (cf. [Ful97], p. 148) says that the number
of irreducible components in the intersection of two projective varieties of degrees
d1, d2 cannot exceed d1d2. In particular
](Torp(A(K)) ∩X(K)) ≤ p2n
n−c∑
h=0
(
2n− 2c
h
)
(−p)n−c−hen−h ·
∑
β∈Cn−c−h
Mβ
∏
i≥1
W βii,c
 (Lnp )2.
Notice that (Lnp ) = (Ln), by the same reasoning done after Theorem 2.5.1. To
conclude we need to compute degL|X ΩX . We have seen that
c1(ΩX) = −c1(TX) = −c1(L|eX)W1,c
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and W1,c = −c, so c1(ΩX) = cec1(L|X) and
degL|X ΩX =
∫
X
c1(ΩX)c1(L|X)n−c−1 = ce
∫
X
c1(L|X)n−c
= ce
∫
A
c1(L)
n−cc1(Le)c
= cec+1
∫
A
c1(L)
n
= cec+1(Ln)
Remark 2.7.1. 1. We would like to point out that in the case of a simple abelian
variety, Theorem 2.7.1 can be refined substituting “e be sufficiently big” with
“e be strictly bigger than n” (cf. Thm 7, [Deb05]). Analogously, in the case
of an abelian variety of dimension 4, we can substitute “e be sufficiently big”
with “e strictly bigger than 4” (cf. Thm 9, [Deb05]).
2. The class of subvarieties with ample cotangent bundle provided by Debarre
is bigger than the one we have considered, i.e. one can take any intersection
X := H1 ∩ H2 ∩ ... ∩ Hc where Hi ∈ |Leii | for some very ample line bundle
Li and some ei big enough. It is easy to make our proof work in the case
L1 = L2 = ... = Lc and e1, e2, ...ec are arbitrary (and big enough): we have
cj(N) =
∑
1≤i1<...<ij≤c
ei1 · · · eijc1(i∗Lp)j
which implies
ci(TXp0 ) = c1(i
∗Lp)iZi,c,e (2.4)
where e = (e1, ..., ec) and
Zi,c,e :=
∑
β∈Ci
Mβ
∏
j≥1
 ∑
1≤i1<...<ij≤c
ei1 · · · eij
βj .
Therefore degH(P(EX)) isn−c∑
h=0
(
2n− 2c
h
)
(−p)n−c−h ·
∑
β∈Cn−c−h
Mβ
∏
i≥1
Zβii,c,e
∫
Xp0
c1(i
∗Lp)n−c.
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Since ∫
Xp0
c1(i
∗Lp)n−c =
∫
Ap0
c1(Lp)n−cc1(Le1p ) · · · c1(Lecp )
=
(
c∏
i=1
ei
)∫
Ap0
c1(Lp)n =
(
c∏
i=1
ei
)
(Lnp )
we get the following bound for the cardinality of Torp(A(K)) ∩X(K):
p2n
n−c∑
h=0
(
2n− 2c
h
)
(−p)n−c−h ·
∑
β∈Cn−c−h
Mβ
∏
i≥1
Zβii,c,e
( c∏
i=1
ei
)
(Lnp )2.
This bound holds for p > (n−c)2 degL|X ΩX such that there exists p ∈ V above
p. We compute
c1(ΩX) = −c1(TX) = −c1(L|X)Z1,c,e
and Z1,c,e = −
∑c
i=1 ei, so
degL|X ΩX =
∫
X
c1(ΩX)c1(L|X)n−c−1
=
(
c∑
i=1
ei
)∫
X
c1(L|X)n−c
=
(
c∑
i=1
ei
)(
c∏
i=1
ei
)
(Ln).
3. One could be tempted to generalize Theorem 2.7.1 also to the case in which
H1, ...,Hc belong to different |Le11 |, ..., |Lecc |. In this situation one would have
ct(N) =
c∏
i=1
(
1 + c1(i
∗Leii,p)t
)
and
cj(N) =
∑
1≤i1<...<ij≤c
ij∏
k=i1
c1(i
∗Lekk,p).
Therefore
ci(TXp0 ) =
∑
β∈Ci
Mβ
∏
j≥1
cj(N)
βj
=
∑
β∈Ci
Mβ
∏
j≥1
 ∑
1≤i1<...<ij≤c
ij∏
k=i1
c1(i
∗Lekk,p)
βj .
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This expression for ci(TXp0 ) is more complex than the corresponding one in
(2.4) in the case L1 = L2 = ... = Lc. For this reason, a nice formula for
the cardinality of Torp(A(K)) ∩X(K) does not seem easily attainable in this
general context.
2.8 Appendix
The following fact is well-known, but we were not able to find a published proof of it,
so we give one here.
Fact 2.8.1. Let A be an abelian variety over an algebraically closed field k and
let X be a closed integral subscheme, smooth over k. If StabA(X) is trivial, then
H0
(
X,Ω∨X/k
)
= 0.
Proof. Let k(ε) := k[ε]/(ε2) be the ring of dual numbers and let Ak(ε) (resp. Xk(ε))
be the base change of A (resp. X) to k(ε). Notice that the base change of Ak(ε)
(resp. Xk(ε)) to k gives A (resp. X). This means that we have two closed immersions
jA : A ↪→ Ak(ε) and jX : X ↪→ Xk(ε). As usual, we shall say that h : Ak(ε) → Ak(ε)
(resp. f : Xk(ε) → Xk(ε)) is a deformation of the identity on A (resp. on X) if
h0 := h× Idk : Ak(ε) ×k(ε) k → Ak(ε) ×k(ε) k
(resp. f0 := f × Idk : Xk(ε) ×k(ε) k → Xk(ε) ×k(ε) k)
is the identity on A (resp. on X). The set of deformations of the identity on A (resp.
on X) is nonempty, since it contains the identity on Ak(ε) (resp. on Xk(ε)). Theorem
8.5.9 in [FIK+] tells us that the deformations of the identity on A form an affine
space under
H0
(
A, εOAk(ε) ⊗OA j∗AΩ∨Ak(ε)/k(ε)
)
.
Here the sheaf of ideals εOAk(ε) ⊆ OAk(ε) is seen as a OA-module thanks to the fact
ε2 = 0. We have
εOAk(ε) ⊗OA j∗AΩ∨Ak(ε)/k(ε) w εOAk(ε) ⊗OA
(
OA ⊗OAk(ε) Ω
∨
Ak(ε)/k(ε)
)
w εOAk(ε) ⊗OAk(ε) Ω
∨
Ak(ε)/k(ε)
.
Now notice that the ideal (ε) ⊆ k(ε) is isomorphic to k as a k(ε)-algebra. Tensoring
with OAk(ε) , we obtain that εOAk(ε) w OA as OAk(ε)-algebras. This implies
εOAk(ε) ⊗OA j∗AΩ∨Ak(ε)/k(ε) w OA ⊗OAk(ε) Ω
∨
Ak(ε)/k(ε)
w Ω∨A/k.
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Therefore, the deformations of the identity onA form an affine space underH0
(
A,Ω∨A/k
)
.
Similarly, the deformations of the identity onX form an affine space underH0
(
X,Ω∨X/k
)
.
Let us consider now the exact sequence
0→ Ω∨X/k → i∗Ω∨A/k → N → 0
where i : X ↪→ A is the closed immersion and N is the normal bundle to X in A. On
the global sections we obtain the exact sequence
0→ H0
(
X,Ω∨X/k
)
→ H0
(
X, i∗Ω∨A/k
)
→ H0(X,N).
Since Ω∨A/k w O⊕dimAA , we have that i∗Ω∨A/k w O⊕dimAX . This and the irreducibility
of X imply that we have an isomorphism
H0
(
X, i∗Ω∨A/k
)
w H0
(
A,Ω∨A/k
)
.
We deduce that the set of deformations of the identity on X is a subset of the set of
deformations of the identity on A: a deformation of the identity on A comes from a
deformation of the identity on X if and only if it corresponds to a vector field of A
tangent to X, i.e. there is a bijection between the set of deformations of the identity
on A coming from deformations of the identity on X and H0
(
X,Ω∨X/k
)
.
Now let us consider the closed subscheme StabA(X). It represents the functor
that associates to any S scheme over k the set
{x ∈ A(S)|XS + x = XS}
where XS stands for X ×k S and +x is the translation by x on AS = A ×k S. In
particular, if we put S = Spec(k(ε)) we have
StabA(X)(k(ε)) = {x ∈ A(k(ε))|Xk(ε) + x = Xk(ε)}.
We write StabA(X)(k(ε))0 for the set of points in {x ∈ A(k(ε))|Xk(ε) + x = Xk(ε)}
which reduce to the zero of A. This is a subset of the tangent space to A in zero
Tang0(A) = {x ∈ A(k(ε))| x reduces to zero}.
Since Ω∨A/k w OdimAA , we have an isomorphism Tang0(A) w H0
(
A,Ω∨A/k
)
and hence
StabA(X)(k(ε))0 ⊆ H0
(
A,Ω∨A/k
)
.
Identifying H0
(
A,Ω∨A/k
)
with the set of deformations of the identity on A, the
inclusion above is given by
x 7→ +x : Ak(ε) → Ak(ε).
45
2. The Manin-Mumford conjecture for subvarieties with ample
cotangent bundle
It is clear then that StabA(X)(k(ε))0 corresponds exactly to the set of deformations of
the identity on A coming from deformations of the identity on X. By our hypothesis
StabA(X) is trivial, therefore StabA(X)(k(ε))0 = 0. Equivalently
H0
(
X,Ω∨X/k
)
= 0.
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Chapter 3
Polylogarithm on abelian
schemes and Deligne-Beilinson
cohomology
Abstract
We use Burgos’ theory of arithmetic Chow groups to exhibit a realization of
the degree zero part of the polylogarithm on abelian schemes in Deligne-Beilinson
cohomology.
3.1 Introduction
3.1.1 The degree zero part of the motivic polylogarithm
In [KR14], G. Kings and D. Ro¨ssler have given a simple axiomatic description of the
degree zero part of the polylogarithm on abelian schemes. We briefly recall it here.
In [Sou85], C. Soule´ has defined motivic cohomology for any variety V over a
field
H iM(V, j) := Gr
j
γK2j−i(V )⊗Q.
Now let pi : A → S be an abelian scheme of relative dimension g, let ε : S → A be
the zero section, let N > 1 be an integer and let A[N ] be the finite group scheme of
N -torsion points. Here S is smooth over a subfield k of the complex numbers. For
any integer a > 1 and any W ⊆ A open sub-scheme such that
j : [a]−1(W ) ↪→W
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is an open immersion (here [a] : A → A is the a-multiplication on A), the trace map
with respect to a is defined as
tr[a] : H
·
M(W, ∗) H ·M([a]−1(W ), ∗) H ·M(W, ∗).
j∗ [a]∗
(3.1)
For any integer r we let
H ·M(W, ∗)(r) :=
{
ψ ∈ H ·M(W, ∗)|(tr[a] − arId)kψ = 0 for some k ≥ 1
}
be the generalized eigenspace of tr[a] of weight r.
Then the zero step of the motivic polylogarithm is a class in motivic cohomology
pol0 ∈ H2g−1M (A \ A[N ], g)(0).
To describe it more precisely, consider the residue map along A[N ]
H2g−1M (A \ A[N ], g)→ H0M(A[N ] \ ε(S), 0).
This map induces an isomorphism
H2g−1M (A \ A[N ], g)(0) ∼= H0M(A[N ] \ ε(S), 0)(0)
(see Corollary 2.2.2 in [KR14]) and pol0 is the unique element mapping to the
fundamental class of A[N ] \ ε(S).
Now let us consider the map cycan defined as the composition
H2g−1M (A \ A[N ], g) H2g−1D ((A \ A[N ])R,R(g)) H2g−1D,an ((A \ A[N ])R,R(g))
cyc forgetful
(3.2)
where cyc is the regulator map into Deligne-Beilinson cohomology and the second
map is the forgetful map from Deligne-Beilinson cohomology to analytic real Deligne
cohomology (see the end of section 2 for the notations used here).
In [MR], V. Maillot and D. Ro¨ssler constructed a canonical class of currents gA∨
on A (cf. Theorem 3.5.1 in Section 5) which gives rise to a class in analytic Deligne
cohomology
([N ]∗gA∨ −N2ggA∨)|A\A[N ] ∈ H2g−1D,an ((A \ A[N ])R,R(g)).
This element is represented by γ
(2pii)1−g , where γ is any smooth form on A \ A[N ] in
the class [N ]∗gA∨ −N2ggA∨ .
The main result in [KR14] is the following.
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Theorem 3.1.1. We have
−2 · cycan(pol0) = ([N ]∗gA∨ −N2ggA∨)|A\A[N ].
Furthermore the map
H2g−1M (A \ A[N ], g)(0) → H2g−1D,an ((A \ A[N ])R,R(g))
induced by cycan is injective.
3.1.2 Our main result
In this paper we give a refinement of Theorem 3.1.1 supposing S is proper over k
(see Corollary 3.6.1 and Theorem 3.6.2).
Before stating our result, we recall that in [Bur97], Burgos introduced a complex
that naturally computes the Deligne-Beilinson cohomology: this is the complex
E∗log(·) of smooth forms with logarithmic singularities along infinity (see section 3.1
for its definition).
Theorem 3.1.2. Let S be proper over k. The class of currents [N ]∗gA∨ −N2ggA∨
has a representative which is smooth on A \ A[N ] and has logarithmic singularities
along infinity. Any such η defines an element
η˜
2(2pii)1−g
∈ Im
(
cyc : H2g−1M (A \ A[N ], g)→ H2g−1D ((A \ A[N ])R,R(g))
)
which does not depend on the choice of η. This element verifies
−2 · cyc(pol0) = η˜
(2pii)1−g
.
3.1.3 An outline of the chapter
Let us now give an outline of the contents of each section.
In section 2 we review some notations and definitions coming from Arakelov
theory.
In section 3 we recall Burgos’ theory of arithmetic Chow groups.
Sections 4, 5 and 6 contain the proof of Theorem 3.1.2. This proof combines two
arguments. On one hand we use Burgos’ theory in order to prove an interesting
intermediate result which relates the classical arithmetic Chow groups to Deligne-
Beilinson cohomology (see Theorem 3.4.1). On the other hand we do some calculations
using the current gA∨ in order to prove that the class of
T := [N ]∗(ε(S), gA∨)−N2g(ε(S), gA∨)
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in ĈH
g
(A)Q is zero (cf. Proposition 3.5.2). This proposition will allow us to apply
Theorem 3.4.1 to our case (see section 6).
3.2 Notations
We begin with a review of some notations and definitions coming from Arakelov
theory (see Sections 1, 2, 3 in [GS90] for a compendium).
Let (R,Σ, F∞) be an arithmetic ring i.e.
 R is an excellent regular Noetherian integral domain,
 Σ is a finite nonempty set of monomorphisms σ : R→ C,
 F∞ is an anti-linear involution of the C−algebra CΣ := C×...×︸ ︷︷ ︸
|Σ|
C, such that
the diagram
R CΣ
R CΣ
Id F∞
δ
δ
commutes (here by δ we mean the natural map to the product induced by the
family of maps Σ).
Let X be an arithmetic variety over R, i.e. a scheme of finite type over R, which is
flat, quasi-projective and regular. As usual we write
X(C) :=
∐
σ∈Σ
(X ×R,σ C)(C).
We notice that F∞ induces an involution F∞ : X(C)→ X(C). Let p, q ∈ N and y be
any cycle in Zp(X) with Y := supp y. We denote by:
 Dp,p(XR) the R-vector space of real currents ζ on X(C) of type (p, p) such that
F ∗∞ζ = (−1)pζ,
 D˜p,p(XR) the quotient D
p,p(XR)/(Im∂ + Im∂),
 Ep,p(XR) the R-vector space of smooth real forms ω on X(C) of type (p, p)
such that F ∗∞ζ = (−1)pω,
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 E˜p,p(XR) the quotient E
p,p(XR)/(Im∂ + Im∂),
 CHq(X) the q-th ordinary Chow group of X,
 ĈH
q
(X) the q-th arithmetic Chow group of X.
We also fix the following notations for the analytic real Deligne cohomology and the
Deligne-Beilinson cohomology (see [EV] for the definitions):
 HqD,an(X(C),R(p)) the q-th analytic real Deligne cohomology R-vector space,
 HqD,an(XR,R(p)) the set {γ ∈ HqD,an(X(C),R(p))|F ∗∞γ = (−1)pγ},
 HqD(X(C),R(p)) the q-th Deligne-Beilinson cohomology R-vector space,
 HqD,Y (X(C),R(p)) the q-th Deligne-Beilinson cohomology R-vector space with
support in Y ,
 HqD(XR,R(p)) the set {γ ∈ HqD(X(C),R(p))|F ∗∞γ = (−1)pγ},
 HqD,Y (XR,R(p)) the set {γ ∈ HqD,Y (X(C),R(p))|F ∗∞γ = (−1)pγ}.
3.3 Burgos’ arithmetic Chow groups
For the convenience of the reader we recall in this section some definitions and basic
facts of Burgos’ arithmetic Chow groups (cf. [Bur97] for more details).
3.3.1 Smooth forms with logarithmic singularities along infinity
Let us start with the definition of smooth differential forms with logarithmic singu-
larities along infinity.
Let V be a smooth algebraic variety over C and let D be a divisor with normal
crossings on V . Let us write W = V \D and let j : W ↪→ V be the inclusion. Let E∗V
be the sheaf of complex C∞ differential forms on V and let E∗(V ) denote Γ(V, E∗V ).
The complex of sheaves E∗V (logD) is the sub-E∗V algebra of j∗E∗W generated locally by
the sections
logzizi,
dzi
zi
,
dzi
zi
, for i = 1, . . . ,M,
where z1 · · · zM = 0 is a local equation of D.
Let us write E∗V (logD) = Γ(V, E∗V (logD)) and let E∗V,R(logD) be the subcomplex
of real forms.
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Let I be the category of all smooth compactifications of V . That is, an element
(V˜α, iα) of I is a smooth complex variety V˜α and an immersion iα : V ↪→ V˜α such
that Dα = V˜α− iα(V ) is a normal crossing divisor. The morphisms of I are the maps
f : V˜α → V˜β such that f ◦ iα = iβ . The opposed category Io is directed (see [Del71]).
The complex of smooth differential forms with logarithmic singularities along infinity
E∗log(V ) is defined as
E∗log(V ) = lim−→
α∈Io
E∗
V˜α
(logDα)
This complex is a subcomplex of E∗(V ) and we shall denote by E∗log,R(V ) the
corresponding real subcomplex.
The complex E∗log(V ) has a natural bigrading
E∗log(V ) =
⊕
Ep,qlog(V ).
The Hodge filtration of this complex is defined by
F pEnlog(V ) =
⊕
p′≥p
p′+q′=n
Ep
′,q′
log (V ).
We write E∗log,R(V, p) = (2pii)
pE∗log,R(V ) ⊆ E∗log(V ).
An important property of the complex E∗log(V ) is that it is strictly related to
Deligne-Beilinson cohomology. More precisely, let us consider the following complex
E∗log,R(V, p)D := s(u : E
∗
log,R(V, p)⊕ F pE∗log(V )→ E∗log(V ))
where u(a, b) = b− a and s(u) stands for the simple complex of the map u. Then
H∗D(V,R(p)) = H∗(E∗log,R(V, p)D).
3.3.2 Definition of Burgos’ arithmetic Chow groups
Let X/R be an arithmetic variety and fix p ∈ N∗. Any cycle y ∈ Zp(X) defines a
class in
ρ(y) ∈ H2pD,Y (XR,R(p))
where Y = supp y. Any g ∈ Ep−1,p−1log,R (X(C) \ Y (C), p− 1) with ∂∂g ∈ E2p(X(C)),
also defines a class
{−2∂∂g, g} ∈ H2pD,Y (X,R(p)).
The space of Green forms associated with y is then
GEpy(XR) :=
g ∈ Ep−1,p−1log,R (X(C) \ Y (C), p− 1)
∣∣∣∣∣∣∣
−2∂∂g ∈ E2p(X(C))
{−2∂∂g, g} = ρ(y)
F ∗∞g = g

/
(Im∂ + Im∂).
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The group of arithmetic cycles in the sense of Burgos is
Zˆp(X) :=
{
(y, g˜)| y ∈ Zp(X) and g˜ ∈ GEpy(XR)
}
.
If W is a codimension p− 1 irreducible subvariety of X and f ∈ k(W )∗, we have a
well-defined subvariety W (C) of X(C) and a well-defined function fC ∈ k(W (C))∗.
To fC is associated a class
ρ(fC) ∈ H2p−1D ((X \ F )R,R(p))
where F = supp divf . Since H2p−1D ((X \ F )R,R(p)) is the same as{
g ∈ Ep−1,p−1log,R (X(C) \ F (C), p− 1)| ∂∂g = 0 and F ∗∞g = g
}/
(Im∂ + Im∂),
then one can check that ρ(fC) defines an element in GE
p
divf (XR), which we denote
by b(ρ(fC)). Let R̂at
p
(X) be the subgroup of Zˆp(X) generated by the elements of
the form
d̂ivf = (divf,−b(ρ(fC))) .
The arithmetic Chow group ĈH
p
log(X) in the sense of Burgos is
ĈH
p
log(X) := Zˆ
p(X)
/
R̂at
p
(X).
The class of an element (y, g˜) ∈ Zˆp(X) will be denoted by [y, g˜].
3.3.3 Two important properties
Burgos’ arithmetic Chow groups fit in the following exact sequence
CHp,p−1(X) H2p−1D (XR,R(p)) ĈH
p
log(X) CH
p(X)⊕ ZEp,plog(XR)
ρ a (ζ,−ω)
(3.3)
where CHp,p−1 is Gillet-Soule´’s version of one of Bloch’s higher Chow groups, ρ is
defined in the proof of Corollary 6.3 in [Bur97], the map a sends the class of f˜ to
[0, f˜ ] and (ζ,−ω)([y, g˜]) = (y, 2∂∂g). Later we will make use of the fact
CHp,p−1(X)Q ∼= H2p−1M (X, p)
(see section 1.4 in [BGKK07] for this).
Furthermore there exists a homomorphism
ψX : ĈH
p
log(X)→ ĈH
p
(X)
which is compatible with pull-backs and is an isomorphism if X is proper over R. In
particular for any y ∈ Zp(X), we have a commutative diagram
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ĈH
p
log(X) ĈH
p
log(X \ Y )
ĈH
p
(X) ĈH
p
(X \ Y )
ψX ψX\Y
i∗
i∗
where Y = supp y and the map i is the immersion X \ Y ↪→ X.
3.4 An intermediate result
Theorem 3.4.1. Let X/R be a proper arithmetic variety, y any cycle in Zp(X)
and h any Green current for y. Then there exists a representative h0 of h belonging
to Ep−1,p−1log,R (X(C) \ Y (C)), where Y = supp y. If ω([y, h]) := δy + ddch = 0, then
h0
2(2pii)1−p defines a class
h˜0
2(2pii)1−p
∈ H2p−1D ((X \ Y )R,R(p))
which does not depend on the choice of h0 and verifies
a
(
h˜0
2(2pii)1−p
)
= i∗
(
ψ−1X ([y, h])
)
.
Proof. If we denote by GCX(y) the space of Green currents for the cycle y, Theorem
5.9 in [Bur97] tells us that there is a natural isomorphism
GEpy(XR)→ GCX(y)
which sends g˜ to the class of the current 2(2pii)1−p[g], where [g] sends a form ω to
[g](ω) =
∫
X(C)
ω ∧ g.
Let h˜log ∈ GEpy(XR) be the inverse image of h by this isomorphism. Any element in
2(2pii)1−ph˜log gives a representative of h belonging to E
p−1,p−1
log,R (X(C) \ Y (C)).
If δy + dd
ch = 0, we deduce
0 = (δy + dd
ch)|X(C)\Y (C) = (dd
ch)|X(C)\Y (C) = 2(2pii)
1−pddc
(
h˜log
)
.
Therefore we have a well-defined element h˜log in{
g ∈ Ep−1,p−1log,R (X(C) \ Y (C), p− 1)
∣∣∣∣∣ ∂∂g = 0F ∗∞g = g
}/
(Im∂ + Im∂)
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i.e. in H2p−1D ((X \ Y )R,R(p)).
By definition of h˜log and by definition of the pullback in Burgos’ theory, we have
i∗
(
ψ−1X ([y, h])
)
= i∗
([
y, h˜log
])
=
[
0, h˜log
]
= a
(
h˜log
)
.
To conclude the proof, take any representative h0 of h in E
p−1,p−1
log,R (X(C) \ Y (C)).
We want to show that h0
2(2pii)1−p defines a class
h˜0
2(2pii)1−p in H
2p−1
D ((X \Y )R,R(p)) and
that this class is h˜log. Since δy + dd
ch0 = 0, Proposition 6.5 in [BGKK07] implies
that h˜0
2(2pii)1−p is an element in GE
p
y(XR) (please notice that the definitions of current
associated to a cycle and of current associated to a differential form used in Burgos’
paper slightly differ from the ones used here). This element must coincide with h˜log,
since both have image h in GCX(y).
Remark 3.4.1. Tensoring with Q over Z is an exact operation, so the exact sequence
(3.3) shows that
i∗
(
ψ−1X ([y, h])
)
= 0 ∈ ĈHplog(X \ Y )Q ⇔
h˜0
2(2pii)1−p
∈ ρ (CHp,p−1(X \ Y )Q)
⇔ h˜0
2(2pii)1−p
∈ cyc
(
H2p−1M (X \ Y, p)
)
3.5 The case of an abelian scheme over an arithmetic
variety
In this section we explain in detail how the class gA∨ gives rise to an element
([N ]∗gA∨ −N2ggA∨)|A\A[N ]
in H2g−1D,an ((A \ A[N ])R,R(g)).
Let S be an arithmetic variety over R and let pi : A → S be an abelian scheme
over S of relative dimension g. We shall write as usual A∨ → S for the dual abelian
scheme of A. We let εA = ε be the zero-section of pi : A → S. We shall denote
by S0 = S0,A = εA(S) the reduced closed subscheme of A, which is the image
of εA. We write P for the Poincare´ bundle on A ×S A∨ and p1 : A ×S A∨ → A
for the first projection. Since A and S are arithmetic varieties over R, we have
two well-defined complex manifolds A(C) and S(C) and two well-defined R-vector
spaces Dg−1,g−1(AR) and Eg−1,g−1(AR). We endow the Poincare´ bundle P with the
unique metric hP such that the canonical rigidification of P along the zero-section
ε× IdA∨ : A∨ → A×S A∨ is an isometry and such that the curvature form of hP is
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translation invariant along the fibres of the map A(C)×S(C) A∨(C)→ A∨(C). We
write P = (P, hP) for the resulting hermitian line bundle.
Theorem 3.5.1. There is a unique class of currents gA∨ ∈ D˜g−1,g−1(AR) with the
following three properties:
1. Any element of gA∨ is a Green current for S0(C).
2. The identity (S0, gA∨) = (−1)gp1,∗
(
ĉh(P)
)(g)
holds in ĈH
g
(A)Q.
3. The identity gA∨ = [n]∗gA∨ holds for all n ≥ 2.
Here [n] : A → A is the multiplication-by-n morphism and ĉh(P) is the arithmetic
Chern character of the hermitian bundle P.
Let us fix N a positive natural number and call
T := [N ]∗(S0, gA∨)−N2g(S0, gA∨).
We will write [T ] for its class in ĈH
g
(A). We denote by A[N ] the N -torsion of A, by
i the immersion U := A \A[N ] ↪→ A and by Γ the restriction of the class of currents
[N ]∗gA∨ −N2ggA∨
to U(C). Then the morphism
i∗ : ĈH
g
(A)→ ĈHg(U)
sends [T ] to [0,Γ]. We recall the fundamental exact sequence
CHg,g−1(U) E˜g−1,g−1(UR) ĈH
g
(U) CHg(U) 0ρan a
(3.4)
(See Theorem 3.3.5 in [GS90]) for this). Here the map a sends the class of ω to [0, ω].
By construction, ρan is the following composite function
CHg,g−1(U) H2g−1D (UR,R(g)) H2g−1D,an (UR,R(g)) E˜g−1,g−1(UR)
ρ forgetful
where the third map is a natural inclusion. Indeed we have
H2g−1D,an (UR,R(g)) =
{
c ∈ (2pii)g−1Eg−1,g−1(UR)
∣∣∂∂c = 0}/ (Im∂ + Im∂)
and the class of c is sent to the class of c/(2pii)g−1.
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Since the image of [0,Γ] in CHg(U) is 0, there exists an element in E˜g−1,g−1(UR)
sent to [0,Γ] by a. We know how to construct such an element: thanks to Theorem
1.3.5 and Theorem 1.2.4 in [GS90], the class of currents [N ]∗gA∨ − N2ggA∨ has a
representative γ in Eg−1,g−1(UR). Now if γ′ is another representative smooth on
U(C), we have that γ − γ′ is a smooth form on U(C) and γ − γ′ = ∂c1 + ∂c2 for
some currents c1 and c2. Therefore there exist two smooth forms ω1 and ω2 such
that γ − γ′ = ∂ω1 + ∂ω2 (see Theorem 1.2.2 (ii) in [GS90]). This implies that the
class γ˜ ∈ E˜g−1,g−1(UR) does not depend on γ. We have
a(γ˜) = [0, γ˜] = [0,Γ].
The calculations we do to prove the next proposition are basically the same the
reader can find in Lemma 2.4.5 in [KR14].
Proposition 3.5.2. The element [T ] is zero in ĈH
g
(A)Q.
Proof. By Theorem 3.5.1, we have
[T ] = (−1)g([N ]∗ −N2g)
(
p1,∗
(
ĉh(P)
)(g))
in ĈH
g
(A)Q. Now consider the following square of schemes over S:
A×S A∨ A×S A∨
A A
p1 p1
N × Id
N
For any Q scheme over S and any pair of morphisms of schemes over S
(ζ, σ) : Q→ A×S A∨
η : Q→ A
we can define (η, σ) : Q → A×S A∨. It is easy to see that this is a morphism of
schemes over S and that, if N ◦ η = ζ, it verifies (N × Id) ◦ (η, σ) = (ζ, σ) and
p1 ◦ (η, σ) = η. Furthermore, (η, σ) is the unique morphism of schemes over S with
these properties. Therefore the square above is cartesian. Since the direct image in
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arithmetic Chow theory is naturally compatible with smooth base change, we have
(−1)g[N ]∗
(
p1,∗
(
ĉh(P)
)(g))
= (−1)gp1,∗
[(
(N × Id)∗ĉh(P)
)(2g)]
= (−1)gp1,∗
[(
ĉh((N × Id)∗(P))
)(2g)]
.
From the definition of dual abelian scheme we know that there is an isomorphism
between the group End(A,A) and the group of isomorphism classes of invertible
sheaves L on A×SA∨ with rigidification along εA∨ such that L⊗k(a) is algebraically
equivalent to zero for all a ∈ A∨. Via this isomorphism, a map φ : A → A is sent to
(φ× IdA∨)∗(P), so the image of IdA is P. Then the image of [N ], i.e (N × Id)∗(P),
must coincide with P⊗N . Therefore:
(−1)g[N ]∗
(
p1,∗
(
ĉh(P)
)(g))
= (−1)gp1,∗
[(
ĉh
(
P⊗N
))(2g)]
and
[T ] = (−1)g
[
p1,∗
[(
ĉh
(
P⊗N
))(2g)]−N2gp1,∗ (ĉh(P))(g)]
= (−1)g
p1,∗
 ĉ1
(
P⊗N
)2g
(2g)!
−N2gp1,∗( ĉ1(P)2g
(2g)!
)
= (−1)g
[
p1,∗
(
N2g ĉ1
(P)2g
(2g)!
)
−N2gp1,∗
(
ĉ1(P)2g
(2g)!
)]
= 0
where ĉ1(·) refers to the first arithmetic Chern class of a hermitian bundle. Notice
that we used the multiplicativity of ĉ1(·).
Corollary 3.5.3. The class (2pii)g−1γ˜ ∈ (2pii)g−1E˜g−1,g−1(UR) is in the image of
cycan : H
2g−1
M (U , g)→ H2g−1D,an (U ,R(g)).
Proof. Proposition 3.5.2 implies that
0 = i∗([T ]) = [0,Γ] = a(γ˜)
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in ĈH
g
(U)Q and the exactness of sequence (3.4) gives us γ˜ ∈ ρan(CHg,g−1(U)Q). By
the definition of ρan, we obtain that
(2pii)g−1γ˜ ∈ (forgetful ◦ ρ)(CHg,g−1(U)Q).
This is exactly what we wanted to prove, once one identifies H2g−1M (U , g) with
CHg,g−1(U)Q.
3.6 The main result
We are now able to apply Theorem 3.4.1 to our situation. We assume that S is
proper over R, so A is proper over R.
Corollary 3.6.1. There exists a representative of [N ]∗gA∨ −N2ggA∨ belonging to
Eg−1,g−1log,R (U(C)). Any such η defines an element
η˜
2(2pii)1−g
∈ Im
(
cyc : H2g−1M (U , g)→ H2g−1D (UR,R(g))
)
which does not depend on the choice of η and verifies
a
(
η˜
2(2pii)1−g
)
= i∗
(
ψ−1A ([y, h])
)
= 0.
Furthermore
forgetful
(
η˜
2(2pii)1−g
)
=
γ˜
2(2pii)1−g
.
Proof. To prove the first assertion we apply Theorem 3.4.1 and Remark 3.4.1 with
X equal to A and (y, h) equal to T . The hypotheses are satisfied since [T ] = 0 in
ĈH
g
(A)Q, so i∗
(
ψ−1A ([T ])
)
= 0 in ĈH
g
log(U)Q.
To prove the second assertion, it is enough to notice that any representative η of
[N ]∗gA∨ −N2ggA∨ belonging to Eg−1,g−1log,R (U(C)), also belongs to Eg−1,g−1(UR).
Remark 3.6.1. A natural analogue of the operator tr[a] operates on Deligne-Beilinson
cohomology and the map cyc intertwines this operator with tr[a]. Therefore from the
existence of the Jordan decomposition, the fact
η˜
2(2pii)1−g
∈ Im
(
cyc : H2g−1M (U , g)→ H2g−1D (UR,R(g))
)
and property (3) in Theorem 3.5.1, we deduce
η˜
2(2pii)1−g
∈ Im
(
cyc : H2g−1M (U , g)(0) → H2g−1D (UR,R(g))
)
.
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We are ready to prove our main result.
Theorem 3.6.2. Let pol0 ∈ H2g−1M (U , g) be the zero step of the motivic polylogarithm
on A (as defined in the Introduction). Then
−2 · cyc(pol0) = η˜
(2pii)1−g
in H2g−1D (UR,R(g)).
Proof. We start noticing that
cycan(pol
0) = − γ˜
2(2pii)1−g
= forgetful
(
− η˜
2(2pii)1−g
)
.
By Remark 3.6.1 we know that
− η˜
2(2pii)1−g
= cyc(l)
for some l ∈ H2g−1M (U , g)(0). Therefore we have
cycan(pol
0) = cycan(l)
and the injectivity of cycan on H
2g−1
M (U , g)(0) implies that pol0 = l. We then obtain
cyc(pol0) = cyc(l) = − η˜
2(2pii)1−g
.
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Re´sume´. Dans cette the`se nous e´tudions deux proble`mes dans le domaine
de la ge´ome´trie arithme´tique, concernant respectivement les points de torsion
des varie´te´s abe´liennes et le polylogarithme motivique sur les sche´mas abe´liens.
La conjecture de Manin-Mumford (de´montre´e par Raynaud en 1983) af-
firme que si A est une varie´te´ abe´lienne et X est une sous-varie´te´ de A ne
contenant aucune translate´e d’une sous-varie´te´ abe´lienne de A, alorsX ne con-
tient qu’un nombre fini de points de torsion de A. En 1996, Buium pre´senta
une forme effective de la conjecture dans le cas des courbes. Dans cette the`se,
nous montrons que l’argument de Buium peut eˆtre utilise´ aussi en dimen-
sion supe´rieure pour prouver une version quantitative de la conjecture pour
une classe de sous-varie´te´s avec fibre´ cotangent ample e´tudie´e par Debarre.
Nous ge´ne´ralisons aussi a` toute dimension un re´sultat sur la dispersion des
rele`vements p-divisibles non ramifie´s obtenu par Raynaud dans le cas des
courbes.
En 2014, Kings and Ro¨ssler ont montre´ que la re´alisation en cohomologie
de Deligne analytique de la part de degre´ ze´ro du polylogarithme motivique
sur les sche´mas abe´liens peut eˆtre relie´e aux formes de torsion analytique
de Bismut-Ko¨hler du fibre´ de Poincare´. Dans cette the`se, nous utilisons la
the´orie de l’intersection arithme´tique dans la version de Burgos pour raffiner
ce re´sultat dans le cas ou` la base du sche´ma abe´lien est propre.
Abstract. In this thesis we approach two independent problems in the
field of arithmetic geometry, one regarding the torsion points of abelian vari-
eties and the other the motivic polylogarithm on abelian schemes.
The Manin-Mumford conjecture (proved by Raynaud in 1983) states that
if A is an abelian variety and X is a subvariety of A not containing any
translate of an abelian subvariety of A, then X can only have a finite number
of points that are of finite order in A. In 1996, Buium presented an effective
form of the conjecture in the case of curves. In this thesis, we show that
Buium’s argument can be made applicable in higher dimensions to prove a
quantitative version of the conjecture for a class of subvarieties with ample
cotangent studied by Debarre. Our proof also generalizes to any dimension a
result on the sparsity of p-divisible unramified liftings obtained by Raynaud
in the case of curves.
In 2014, Kings and Ro¨ssler showed that the realisation in analytic Deligne
cohomology of the degree zero part of the motivic polylogarithm on abelian
schemes can be described in terms of the Bismut-Ko¨hler higher analytic torsion
form of the Poincare´ bundle. In this thesis, using the arithmetic intersection
theory in the sense of Burgos, we give a refinement of Kings and Ro¨ssler’s
result in the case in which the base of the abelian scheme is proper.
